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Finite Element Matrix and Mass Balance Computational Schemes for Transport 
in Variably Saturated Porous Media 

PETERS. HUYAKORN, JAMES W. MERCER, AND DAVIDS. WARD 

GeoTram. Ille., llemdon, Virginiu 

An upstream-"'.eighte_d residual finite dcment formulation is developed for the numerical simulation of 
solute transport m vanably saturated porous media. lncludcd in this formulation is un influence coef­
ficient sch~me for e!emcnt matrix evaluation and a mass balance computation scheme. These schemes are 
nol o~ly simple to 1mplcmcn1 but Jlso cost effective. Three exampks are provided to verify the numerical 
techrm;u~s and ?cmonstrate the utility of the computer model. These examples indicate that mass 
!':ifance information serves a u_seful purpose as a screening device fur c.,amining the numerical solution. 
I hey also show certain behavior of the mass balance error as wd l as numerical difficulties assodated 
'.vith the _manner in which _the finite ekmcnl formulation or the transporl equatio n is performed. Finally, 
information on the CPU trmc and cost required to solve the three example problems is provided to show 
tl~e cos_t dfccttveness of the present transport model. Although the present analy ·is considers only 1wo 
d1men-;ions. the s<.:hemcs described can be extended 10 three dimensions, where the time and cosl savin~ 
are more significant. 

~ I NTRODUCTION vat ive techniques for enhancing the computational efficiency 
and accuracy or the finite clement approach, thus making it 
more at tractive to use in solving complex rteld problems. The 
importance or thi;:se techniques will be realilcd in a ubsequent 
paper that deals with flow and trarisport in three dimensions. 

1 ~ The majority ? r hazardous and low-level rad ioacti ve wastes 
that arc placed in the sub ·urfacc arc affected by the physical 

0 and chemica l proccs cs ac tive in the variably ~aturated lOnc 
O [M ercer "' al., 19 3]. In addition, accidental spills and land 

application or mate rials such as pc ticidcs arc affected by the 
variably sa turated lone. As a means to hel p better assess and 
control contamination problems. computer models have been 
developed to simulate flow and transpo rt in the variably satu­
rated £One (sec, for c:<ample. a review by Oster (1982]). 

Many or these models arc based on ana lytical or semi­
analytical solutions and arc limited to simple one-dimensional 
pr hlcms. Typic.11 examples or the analytica l moJcls arc pn:­
scnh:<l by Warrick el al. [ I 971 ]. Smiles t'l al. [ 1978], rn11 Ge­
n11d11 en 11ml , I/res [ 1982], an<l W111 sv11 u11d Jo11es [1982]. Rec-
ogniLing the limitations or the analytical approac h, severa l 
re ·card1crs resorted to numerical methods. Most or the earl ier 
numerical models arc based on the finite dilfcrem:c approach 
(sec. for c.umple, Bresler 1111d lfu11ks [19691. Bresler [1973], 
,md Kird11 <' I al. [19731). Reccntly. there has been a tendency 
lo use the linitc clemen t solut ion approach . Models based on 
~uch an apprnach have hccn developed hy D11q11 id and R,•t' res 
[ 19 6 I. Set/(11 [ 19771, r a11 (i l! 1111chte11 el al. [ 19771, l'ickens w,d 
Gillham [ I ')HO I. and Y t'I , a11d ~Vard [ 1981 l Surprisingly. all 
hut one nf these models lack a scheme ror checking whether 
the numerical solu tion ohtainc<l satis lics the intcgral mass hal­
an<:c equation for the entire fl ci w region. Only the model rre­
sc ntcd hy Yclr f 19811 has a rcliabh: mass balance wm pu­
tational ,chcmc. However, the particular ~chemc. which was 
implcrn..:ntcd in the code documented by Yelr am/ Ward 

fl')Xll. rcquirc~ rather cxcc~~ivc cnmputational effort. 
Thi, parer is the s..:cond in our sc ric~ or papers that dea l 

with the dcvelopm.:nt and applica tion of multidim..:nsional 
finite clcm ..:nt model ~. The fir,t raper [ll11r,1~ om 1•1 al., I'! 41 
dealt with va riably ,aturatcd !low in two dimcmions, whcrca~ 
tl11, paper discu~~e~ ~olut..: tra nsport in two d11ncn ·ions. The 
prime motivation in prc~cnting thi , wmk i~ to provide innn-

(.'upyriKh t 1')85 by the Ameri<:1111 Geophysic11 l Union. 

!'aper 1111111her 4Wl4~1. 
004J-1 J97/XSt<>04W -14 51 ~05.llO 

In this paper, we refer to the variably satu ra ted flow aspects 
discussed by lf11ye1kor11 (' I 111. [ 1'184) but focus on solute trans­
port simulations. The processes considered include hy­
drodynamic dispersion. advcction, adso rption, and cherni.:al 
degradation or radioactive decay. Arter tht: basic equa tions fo r 
transport in variably satura ted pornus mc<lia have bct:n dis­
cusscd. an upstream-wei ghted residual finite clement formu­
lation d.:signed to allevia te the problem of nu merical oscil­
la tions is presented. lncluJed as part of th is formu lation i an 
influence coefficient ~chemc that enables clement matrices to 
b.: evaluated in a simple and efficient manner by avoiding 
costly numerical integration. In addition, a newly developed 
m,tss balance computational algo rithm is presented as a 
,crccnin g devi<:e for chc<:king the numerical s,1lu tion obtained. 
Finally. the numerical mod..:! i~ tested using a se t of one- and 
two-dirncn,i onal examples dcsign..:d to dcmon ~trate the utility 
and ad vantage~ or the techniques dcs<:rihcd . 

J.I(, 

,\ lth,rngh the present papcr focuses on two-dimensional 
transport prohlc111s, the formula tion can be readily cxte m.kd 
to three di111.:n~i ons. Particularly. influence coefficient formu­
las can he dev.:lopcd fo r simple three-dimensional clements 
~uch as n:ctang11lar and tri angu lar prisms. Furthermore as 
will b.: shown in th..: forthcoming papcr, the influence cod­
licient techniquc is adaptablc to a slice successive ovcrrclaxa­
tion matri ., , chcmc ( SOR) which allow~ a complex problem 
with several thousand nodal unl,,nown~ to he ~olved cfliciently. 

10\ I RN I N( ; b)llA I IONS 

The advcuivc-di,pcr~i vc tr ,111-p,1rt o r a noncon,.:rvative 
co11-tituen t in a porn11~ m.:dium part ia lly s. ,turatcd with wat~r 
may he rcrrcscntcd hy thc following equation [see 81!t1r. 

t'J7'> I: 

{-(<1>s,..611 ~,c ) - ~ (v;c) ..... ; [ ,pS,..c: + p,(1 - </J )c,J 
I 1:1 I XI I ."Cl () / 

- ,,c• + ).( ,t,S,..c + µ,( 1 - 1/, )c,J (ll 
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' 
here the usual summation convention is used with subscripts 

;and j ranging from I to 2 for the two-dimensional si tuation, 
t5 is the hydrodynamic dispersion tensor, c is the con-

u · · .,. h D I . entration of the dissolved constituent, ~, 1s t e arcy ve oc1-
;y, Sw is the water saturation, p, is the densitr of the solid 
material, <J> is the porosity, c, is the concentration of the ad­
sorbed consJituent in the solid phase, q is the volumetric flow 
ate of fluid injection (or withdrawal) per unit volume of the r . . 

porous medium, c• _is the concentration of the constituent tn 

the injected tluid, and ). is the decay constant. 
In (I) it is implicitly ass umed that the fluid compressibility is 

negligible. Furthermore, the hydrodynamic dispersion tensor 
may be expressed as 

- V,"J • 
</>SwDij = IXr IV I o,j + (.xL - .x,) IVI + </JS..,rD O;J (2) 

where aL and 1Xr are the lon gi tudinal and the transverse dis­
persities, respectively, 011 is the ~ronec~er delta, I V_l 1s the 
absolute value of the Darcy velocity, r 1s the tortuos1ty, and 
D* is the coefficient of molecular diffusion. 

It is also assumed that a linear equilibrium isotherm can be 
used to relate the adsorbed concentration c, and the solutio n 
concentration c. This enables us to writ.: (I) in the form · 

J_ (vlJ ~)--!- (V,c) = I ( </JS,.Kc) + ).</JS,.i.;c - qc• 
ox; ox1 ex, Jt 

()) 

where 

(4a) 

in which k, is the distribution coefficient and Pn is thc hulk 
density defined as p 11 = (I - </J )p,. Note that the dfo.:tivc re­
tardation coefficient " is a fun ction of wah:r saturation S,.. 
The value of " - I varies in versely as S,.. Eljuation (3) is a 
primitive form of the transport equation. It can be: converted 
to another form that is more: convenien t for finite clement 
discretization. This is accomplished by expanding the advec­
tive and the mass accumulation terms and using the conti­
nuity equation for water now. 

J V, () . - - = - ( ,t,s .. ) - </ x, iJt 

Performing the necessary steps, one obtains 

:,a (0 11 ~) _ v, (,~c + c : ( </JS .. J - ,,c 
UX1 OX) 1, X 1 t, I 

(5) 

: rj,SwK De + c .E_ ( ,pS,.) + c .E_ (Jlttk,) - qc• + ;_,t,Swi.;<' (6) 
iJt Dt iJt 

Assuming that the term containing time dcri vativc; of p,,kJ is 
negligible, equation (6) may be n.:duced to 

iJiJ (oiJ cc )- V, ,1c -= ,f>SwK ('Jc + ,k) I- </{C' - c: •) 
Xi iJx 

1 
c1x1 ,11 

(7) 

Equation (7) is the requin:d form of the solute tran ~port cqua­
tion. The initial and boundary conditions a~sociatcd with it 
may be represented by 

(8) 

(9) 

OC D 
D11 -n;= q, 

iJxJ 

OC T 
olj -a " 1 - J.-;11;c = q, x, 

(10) 

(11) 

where 8 1 is the boundary portion where concentration is pre­
scribed as c, 111 is the outward unit normal vector on the 
boundary, B 2 and 8 3 are .the boundary portions where the 
dispersi ve and the total solute mass fluxes are prescribed as 
q, 0 and q, r, respectively, and the sign convention for the 
boundary fluxes is posi tive for mass injection and negative for 
mass withdrawal. 

UPSTREAM-WEIGHTED RESIDUAL FINITE 

ELEMENT APPKOXIMAT!ON 

To discretizc the transport equation (7) using the upstream­
weighted residual finite element method, the function c is rep­
resentc;d by a trial function of the form 

J = I, 2, · ··, 11 (12) 

where Ni(x,) and ci{t) are the basis functions and nodal valucs 
of concentration at time t and II is thc number of nodes in the 
tinite clcmcnt network. 

In the upstrcam-weightcd rcsidual procedure presented by 
/fo yakorn a11d Nilkulw (1979], the weighted rcsidual integral 
e4uation is obtained using asymmetric weighting functions W, 
to weight the spatial deri va ti ve terms of the transport equa­
tion and the basis fun.:tions N I to weight the remaining tcrms. 
Application of this procedure to (7) yields 

-l N,[t/>Swl(C:'+;.,)+,,(t'-c•)}/R = O (I J) 

I : I, 2. · · · , 11 

where ~V, is the asymmetric weighting fun ction for node / and 
the integration is performed over the solution region R. 

Using Green's theorem to remove the second derivative and 
substituting for<'. one ob tains 

i ( ,',) - w, o,, -,- 11, t//J = 0 , , -~, I - I, 2, · · · . 11 (14) 

where B i~ the boundary of the so lution region and 111 is the 
outward unit vector normal to fl . Equation (I •) can be ex­
pressed in the form 

where 

l -= l, 2. ··· ,11 (15) 

U,i* " L flu· · L r ().1/,Swi.;) NI NJ dR 
" JH• 

(16a) 

(16h) 



348 HUYAKORN ET AL. : TRANSPORT IN VARIABLY SATURATED MEDIA 

02 

4 

~2 t y 

~ 

3 

2 

~T 
1 m 

1 . X 

I· L 

· Fig. I. Typical rectangular ckment showing the positive sign con­
vention for upstream parameters oc 1, oc 2, {J,. :ind {J 2• 

IJ,J = L iJ,/ = L I (cf,S..,K) N, NJ dR (16c) 
f ~ JR, 

+ L ~~{ DI} ::}1, dB] (16d) 

where R' is the dement subdomain enclosed by boundary 8' 
and'[, is the summation over the total number of elements. 

Time integration of (14) is performed in a standard manner 
using a general finite dilference approximation which leads to 
(sc.:c U11 yakvr11 and Pi1111.!r. 1983] 

( <,if.Eu+ B,J•) + Bu),/• 1 = (w- l XF.u + Bu•)c/ 
Atk 

+ Bu c/+ wF/• 1 +(1 -co)f/ 
6tk 

I = I, 2, · · · , n ( 17) 

whc.:re k and k + I correspond to previous and current time 
levels, respectively, tk is the time step, and w is a time weight­
ing factor. 

In this work. we elect to use the unconditionally stable 
Crank -Nicolson time stepping scheme, which corresponds to 
w =- 0.5 and gives a second-o rder temporal approxima tion. 
Rccogni,:ing that clement matrices may need to be computcd 
for cach time stcp and the cost of such computation m:1y be 
substantial, we adopt the influcnce cocfficicnt tcchniquc de­
scribed in the first paper of the series [lf11 yakor11 et al., 1984]. 
This tcdrniquc is cxtcndcd hcrcin to 1.lcal with a more general 
case involving advccti vc-dispersive transport and thc use of 
upstream weighting functions . 

onsid.:r the n:ct:tngular dement with the local node num­
bering and the m tation fo r upstream wcighting factors shown 
in Figure I. Note.: that ,x 1, 'Xz, /1 1, and /1 2 are the: upstream 
factor s associated with sidcs 12, 43, 23, and 14, rcspcctivc.:ly. 
Thc signs of the upstrcam factors arc con~idercd positive in 
the dircctions depicted . Expressions of the asymmetric up­
stream weighting functi ons can be found in thi: work by /111 y,1-
k11m [ 1977]. To evaluate the clcmcnt matri :< (£]' in ( 16a), we 
lir~t express it in the form 

(El' • [r-:,,1• + (/·:v J' (18) 

whcrc r 1-:"y and r 1-: ,,J' arc thi.: portions corresponding to the 
di~persivc and advcctiv i: ti:rms of the transport e4uation, re­
spectively. 

Replacing ."< 1 and Xi by .'( and y and u~ing the approach 
prcscntcd in the first paper, we obtain thi.: following expression 
for (£11 ]' : 

m I 
[EoJ' = (Du) I [Eo"'1' + (Dyy);;; [Eo11

] ' + (D.,) [E0 '
1

] • 

(1911) 

where I and m are the length and the height of the rectangle; 
(D""), (D,.), anc!_ (D.,) are centroidal values of components 
D 11 , D22, and D 12 .of the hydrodynamic dispersion tensor, 
respectively; and [E/x]', (£0 Y>']•, and [£ 0 ·•1]' are influence 
coefficient matrices given in Appendix I. 

As can be seen, ( 19a) enables (E0 ]' to be evaluated in a 
simple manner. Similarly, the advective element matrix [EJ• 
can be evaluated using the foll owing formula: 

m I 
[Ev]' = ( V.,.) 2 ([£/]' + (£/]. ') + ( V,) 2 ((£/]' + [£/]. ') 

(19b) 

where ( V,) and ( V,) are centroidal values of V.,. and V,, re­
spectively; and [Ev 1", [£/ ]', [Ev 1.', and [£/].' are influ­
ence coefficient matrices given in Appendix 2. 

Note that [E:J. and (£/]. arc directly dependent on the 
upstream weighting factors. These matrices vanish when ,xi 

and P1 (i = I, 2) are set to zero, in which case the upstream­
weighted residual form ulation reduces to the standard Galer­
kin formulation. 

The remaining element matrices .are matrices [B•]' and 
[BJ', which can also be easily evaluated as follows: 

and 

Im 
[B]' = - (cf,S,.K) [MJ' 

4 

(20) 

(21) 

where [M]" is the infiucncc coefficient mass matrix gi vcn in 
Appendi:t I. Note that [M]' is nondiagonal because a lu mp­
ing procedure was not uscd in the present finite di:ment fo r­
mulation. We avoid the lumping procedure because it gener­
ally dcgradi: · the accu racy of the finite element solution of the 
transport equation as demonstrated by Greslw et al. (1976] 
and ll11yakurn and Nilkulw (1979]. 

In a case involving boundary llu .'(eS and sinks or sources, 
the clcmcnt right-hand side vi:c tor given in ( 16d) is non1.ero. It 
can bi: evaluated using the procedure described in thc ti rst 
paper. It is appa rent from Appendices I and 2 that th i: inll u­
ence coefficient matrices require very little computat ional 
effort to evaluate:. Thus onc can expect the C PU timi: rcq ui n:d 
by the: influence cocfficic:n t tc:chnique to be just a small fr ac­
tion of that required by the usual procedure for clcmc.:nt 
matrix computation via numc:rical integration. 

Although we have dealt wi th clement matricc:s for rectangu­
lar clements, the given inllucnce coefficient approach can be 
readily extended to deal with triangular clements. For such 
elements the upstri:arn weighting functions prcsi:nted by f1 11ya­
kor11 [ 19771 may be usi:d to generate the influence cocfficicn t 
matrices. 

After thi: clemi:nt matrix computation and elcmi:n t as­
sembly, a system of algebraic i:quations is obtaini:d. Boundary 
conditions ca n be applied in the usual manner by a prnper 
modification of the global coemcien t matrix and thi: right­
hand side vector. The final system of equations can be solved 
efficiently using a direct solver designed to handle an asym­
metric banded matrix. 
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MASS BALANCE COMPUTATION 

In view of the fact that several numerical difficulties may be 
encountered in the simulation of now and transport in vari­
ably saturated porous media, it is desirable to dcvc:lop an 
effective scheme for assessing mass balance errors. Compu­
tation of · mass balance in a finite difference scheme is fairly 
straightforward and routinely performed. For the finite ele­
ment method the mass balance computation is not as straight-
forward. The formulation of a mass balance scheme is present­
ed in this section. 

First, the mass balance over the entire solution region R is 
obtained by integrating the original governing (3) and apply­
ing Green's theorem to the dispersive and advective terms. 
This leads to the following mass balance integral equation : 

L ( DIJ ::
1 

- Vic)n, dB -1 [fi (</>S...,Kc) + <j,)S...,Kc] dR 

+ 1 qc• dR = 0 (22) 

For the sake of simplicity it is assumed that qc• correspond to 
the contributions from wells located at specified nodal points. 
Thus 

I qc• dR = I [ i: Q,. D{x - x1,)c,.•] dR = i= Q,. c,.• (23) 
JR JI( /• I / • • I 

where Q,. is the flow rate of the well located at x1., 11..., is the 
1 . total num ber of wells, ,5(x - x, .) is the Dirac dc:lta function, 

and c,.• is the concentration of the fluid in the well. Note that 
Q,, is considered to be positive for lluid injection and nega ti ve 
for fluid wi thdr;iwal. For the case of a pumping well. c,,• 
corresponds to the concentration of the pumped fluid and 
thus c,, • = c1 .. For the case of an injection well , c,.• is the 
concentrat ion of the injected fluid . Combi ning (22) and (23) 
gives 

i ( ,,c ) f ,: DIJ -
1

- - V,i: 11 1 c/lJ - -:;- ( ,t,S..., ,,:c) dR 
B t.'(/ I( /,/ 

f. 
.. 

- ,t,).S...,,,:c c/R + L Q,.c, .• = 0 
H / ' , l 

(24) 

The second intq;ral term of (24) may he manipulated further 
by expanJini,; the ti me derivative and using (4h) to suhst itutc 
for the r.:tardation cocllici.:nt K . Thus 

a ,\· <, 
-a ( if>S..,Kc) -" ,t,s..,,... - f- (', ( ,t,S..., f- ,,,,kJ) 

I ,11 1 I 

,,c iJ 
::: tf,S...,1,,: - + c - (,j,S...,) (25) 

tl t iJc 

Combinin14 (24) and (25) and rearranging lhe terms, one oh­
tains 

f 
11 •• 

- c -:;- (,t,S..., )dR f- L Q,. c, ,• ~o 
I< 'I I · I 

(26) 

~f the exact solution of the transport prohlc.:rn is suh'ltitutcd 
into (26), the right -hand side will he ,.ero . l lowevcr, if an 
approximate lin itc element 'in lution, c NJcJ, is substilllted, 
the right-hand ~idc of (26) will he nonLero and will correspond 
to the rate of material loss 1\1, that is, 

Next, we ma ke use of the following properties of the basis 
functions: 

•• 
I Ni.(X, y) = I '<I (x, y) on 8 (28) 

I• ,,. l 

" L N,(x, y) = I '<I (x, y) in R (29) 
I ~ I 

where, as before, n is the total number of nodes in the solution 
region and 11 8 is the number of nodes on the boundary. 

We also recall from the first paper that the term iJ(<f,S,.)/ac 
in (27) corresponds the storage term in the governing equation 
for water flow. Assuming that the fluid compressibility is small 
compared to the compressibility of the porous medium, 
2( ,t,S..,)/cc may be expressed as 

a ( i1s .. ) a,JJ ai/1 Dt ( ,j,S..) = S...,S, + </> # Dt = I/ Dt (30) 

where S, is tht: coefficient of specilic storage, 17 is the overall 
coefficient of water storage capacity, and i/1 is the press ure 
head. 

Combining (27H30), one obtains 

L N 1NJc1 11NL -'· dR + L Q,.c,.• 
" f c/1/J •• 

I • I I< c/t / ' • I 

(31) 

which can he expressed in th<: form 

"" "· 
1:M = L Fl• 8 - L Ft'+ L F, ... (3 2) 

I• I I • I , . ,. t 

where 

f ( ,. ) II ll' C 
F1, = N 1• D;1 -, - - V,c 11 1 d/J ' ( x, 

F ' = f 1hS 1,,·N N (dc1 
f- h 1) dR 

I H I' .., I J dt 

(33) 

f ( ~"') + N1c1 11N,N 1• -· dR 
I( tit 

F,."' = Q1.c1. • 

and L i~ ano ther dummy nodal subscript. Except for the 
boundary material tlux ter111s, all o ther terms in (3 2) can be 
eva luated in a simple.: 111anner. In particular, the evaluation of 
F,' i-1 strai ghtforward if one writcs the column vector {F'} for 
time kvcl k I- I in the fo r111 

(34) 
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where [B•]' and [BJ" are the element mass ma trices already 
evaluated by using (20) and (21), [BJ' is the element storage 
matrix give by the G alerkin approximation of the water flow 
equation, {iJ,}/ and {i/l}u- 1 • are column vectors containing 
no al values of 1/J a t time levels k and k + I, respectively, and 
{c}u I is the column vector containing nodal values of cat the 
current time level k + I. 

The evaluation of the boundary material flux Fi, 8 is more 
involved and requires further evaluation. In a case involving 
the th ird type boundary condition, the total solute material 
flu x is prescribed accordi ng to (11), and thus F1•

8 for time 
level k + I is given explicitly by 

B r ·r l F,. = Ja N,.q, c B (35) 

where the time level index is omitted from F , . 8 and q, r for the 
sake of convenience. Hereafter it is underslood that all quan­
tities that are time-dependent are written at the current time 
level k + I. Note that the boundary integral is simple to 
evaluate, particularly if one uses the procedure described in 
the first pa per. In a case involving the second type boundary 
condition, the dispersive solute flux is prescribed according to 
(10), and the advective solute flux is given by 

(36) 

where V. is the component of Darcy velocity normal to 
boundary and is consilh:red positive in the inward direction. 

It follows that the term F,. 8 may be expressed as 

F,. 8 = i N ,.(V.N 1c1 + q, 0 ) dH (3 7) 

which may be approxima ted hy 

F, . 11 
=:: c,. L N 1• V. dH + L N 1• fie D dB (38) 

where the summat io n co nven tion is not applied to subscript 
[• , 

Although the boundary inh:gral · in (38) arc simple to evalu­
ate, caut ion shou ld be exen:ised in dealing with the integral 
containing the normal component of Darcy vdocity v •. This 
integral corresponds to the nodal flu id tlux for boundary node 
1•. It should be eva lua ted a priori in the previous Galerkin 
finite elemen t solution of the asso1:iated lluid !low prohlern 
[ll11 y<1k11m t!C al .• 198-ll The nodal fluid flu x evaluat io n 
shou ld be performed by back suhstitution nf the 1:om put.:d 
pn:ssure h.:ad 1fe into the Galerkin finite clemen t equa tion fo r 
nodi.: [• . This proci:dur.: avoids the problem of di ~co ntinuities 
in the vclo1:i ty tidd and hence disco ntinuities o f the normal 
vdocity v. at th.: boundary nodes. Such di sco ntinui1 i1:s arisi.: if 
o ne i.:m ploys Dan:y's equation to compute vchKitics at the 
houndary nodes of indi vidua l demi.:nts and us.:s these veloci­
ties to ohtain v •. The suh~titution of such valu.:s of V. in (38) 
usua ll y leads to an incor r.:ct estimate of F,.n and, conse­
quently, an in1:orrcct assessmi.:nt of the mass halance i.:rror. 

In a case involving the first typi.: or pr.:scribed concentration 
boundary conditil>n, the di~per~ivi.: boundary noda l flux of 
timi: level k I- I is not known .:.,plici tl y and should also be 
com puti.:d hy hacksuhstitution of c into the original tiniti.: cle­
ment approxima tion nf the transpo rt cquation at nodi.: [• 
(equation ( 17) with / -= 1• and 1r1 = I). Once the d ispi.: rsive 
nodal flu1t Q,, . 0 has bi.:i.:n com puted for time kvcl k + I, the 
ll>tal boundary nodal llux can he determined from 
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X 

Fig. 2. One-dimensional so lule transpo rt during adsorpl ion o r 
water in a soi l tube. 

(39) 

After all the various material flux terms have been evaluated 
the error in the rate of material balance ll.w can be determined 
from (32). For a general assessment of the accuracy of the 
numerical solution, a normalized form of 1!,., is also presentt:d 
in the for m 

It should be noted that in practice, the denomi nator of (40) 
is usually nonzero, but each of its individual summations may 
be zero. For example, in a case involvi ng transient flow and 
transport, the first summatio n will be zero if there is no so lute 
flu x across the entire boundary. In a cast: involving steady 
stat i.: fluid flo w and steady state conservative transport pro­
cesses, the second summation will be zero. Finally, in a ca ·e 
where there is no internal sources or sinks, the third summa­
tion is Lero. 

IL LUSTKA rl VE EXAMl'L ES 

The numerical techniques di.:scribed in th is paper have been 
incorporated into th.: SATURN computer code referred to in 
the firs t paper [lluyukom l! t al., 19841- Three examples are 
provided in th is s.:c tion. Thi.: examples are chosen fo r the fol ­
lowing purpo~es: (I) to test and assi.:ss thi.: computationa l ef­
ficiency of thi.: givi.:n mass halan<.:e evaluation scheme und.:r 
different physical conditions and a variety of houndary con­
ditions, and (2) to demonstrate thi.: util ity and accuracy of the 
present transport model and illustrati.: certain advantages of 
the finite element for mulatio n described. In all three: examph:s, 
it is assu mi.:d in the calr.:ulat io n of mass halancc that the width 
normal to the plane of llow is one unit. 

c.xampft! I : 011e-Dlme11slo11a l Sol11Ce Trcmsport D11ri111/ 
Adsorption 1,j Water in a Soil T11he 

This problem is depicted schematically in Figure 2. A con­
servative so lute species is injected into a tube of un~a tu rat.:d 
soil that has a uniform init ial com:entration and moisture con· 
ten t. The init i:d concentration is assumed to bi.: 1.ero, and the 
inlet concentration c0 is ass umed to be I ppm (mg/L). The 
solute is transported by dispersion and advec tion . For the 
sake of convenience, all physical data pi.:rtaining to the geomc-



HUYAKORN H L.: T~ANSPORT IN VARIABLY SATURATED MEDIA 351 

TABLE I. Value of Physical Pa rameters Used in Example I 

Parameter Assigned Value Units 

K; I cm/d 

<P 0.45 
tJ,(x, I = 0) -83.33 cm 

s.~ 0.333 
it,, - 100 cm 

"'· 
0 cm 

c(X, I = 0) 0 
,D• I cm 2/d 
IXL, Ci r 0 cm 
l 0 d - l 

K I 

Rela ti ve pc rm.:abil ity versus wa te r ·a tura tion : k, .. = (S .. - S..,)/(1 
- S.,,). Pressure head versus wa ter satura lio n : (it, - t/i .)i(t/i, - i/1.) = 
(t - s .. >,<t - s .. ,). 

try of the soil tube and the hydraulic properties of the soil 
materi al are kept the same as those used in the first paper. The 
complete set of soil physical data arc presented in Table I. 
Values of water saturation and Darcy veocity required in the 
transport simulation were obtained from the finite element 
simulation of the associa ted flow problem described in the first 
paper. 

The stated transport problem was sol ved using a rectangu­
lar grid con ·isting of 35 elements and 72 node ·. The nodal 
spacings selcded are as foll ows : 6 x = 0.25 for 0 5 x 5 5, and 
6x = I for 5 5 x 5 20 cm. Time tep values were chosen to be 
t-.t = 0.0025 days. The Crank-Nicolson central difference time 
stepping was used in conjunction with a small amount of 
upstream weighting (upstrea m fac tor :x set equal to 0.1) to 
cont rol numerical oscilla ti ons. onccntratio n distri butions ob­
tained arc comparc<l in Figure 3 with the scmianalyt ical rcsult 
computed usi ng the similarity solut ion techniq ue descri bed by 
Smile et al. (1 9781 and W atson a11d Jv11cs [1 9 2]. Also in­
cluded in the comparison is the numerical rcs ult obtaincd 
using the FEM WASTE tinitc clcmcnt transport code docu-
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Fig. 4. C umula 1ive mass sto rage a nd mass bala nce erro r versus time 
fo r example I. 

mentcd by Yeh and Ward (1 981]. It can be seen that, in 
general, both finite clement solutions agree reasonably well 
with the scmianalytical solution. As expected, the accuracy of 
the finite c:lcment result s is not go d at the early time value, 
t = 0.01 day, bccausi: the sclcctcd values of spatial and time 
incrcrncnt s arc too la rge to produce accurate approximation 
of such an early concentratio n distribution. At later timc 
values th.: two scts of numerical rcsults agree better with the 
scmianal ytical solut io n. It shou ld be noted, however, that thc 
Galerk in olut ion produccd by FEM WASTE exhibit · a rathcr 
severe oscill ation (ove rshoo t) at the carly time value. This o -
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fig. 5. T .:st silt: for ald icarb field study near Cutchogue, New 
York, showing localion for soi l sa mpling and groundwater observa­
tion wells. 

cillatio n is qu ick ly dampened a t lah:r timcs lcad ing to co n­
ce ntrati o n fronts that a rc mo re smeared than those o f the 
sem ianalytical solution a nd the upstream-weighted solut io n 
com puted by the SATURN codc. An explanatio n fo r a likely 
cause of the osci lla tion problcm wi th FEM WASTE is delayed 
until we dcal with cx amplc 3. It may a lso be notcd that the 

50 

e 
u 

:z: 100 ..... 
"' "" Q 

150 

increased nodal spacing beyond the front loca tion did not 
significantly affect the accuracy of the numerical results shown 
in Figure 3. 

For demonstrative purposes we also provide the mass bal­
ance information obta ined using the scheme dcscribed earlier. 
Figure 4 ill ustratcs the plot of time versus cumulative storage 
of solute mass in ' th1e soil and time versus mass balance error 
defined as the difference between the total (advective and dis­
persive) mass inflow rate and the rate of mass accumulation. 
The mass storage curve behavcs in the manner expected. T he 
mass balance error curve exhibits fluctuations. However, the 
amplitude of the fluctuati ons decreases rapidl y with time. Th is 
is to be expected because the numerical solutio ns of both the 
unsaturated fl ow and the related transport problems were ob­
tained using Picard iteratio n and Crank-Nicolson schemes 
tha t arc tempo ra lly stable. It shou ld be noted that if, fo r 
stance, explicit time stepping schemes were used and the nu­
merical solutions were tempo rally unstable, the mass balance 
error wo uld grow with time and eventually its magnitude 
would become unbou nded. 

Example l : 011e-Dimensio11a/ Transport During 
flljiltrut ion in ,111 U nsa111ruted Soil System 

In thi s problem. the movement o f Temik ald icarb pest icide 
is considered. Ald icarb, o r 2-methyl-2-(methylthio) propi­
o naldehyde 0-(methylcarbamoyl) oxi me, is manufactured by 
the Union Carbide Company and is commo nly used to con­
tro l nematodcs. Use of aldica rb in permeable sandy soils prn­
vidcs increased o rportunity for leaching of to xic chemicals 
through soi l to groundwater. This has bcen obscrved and 
studied o n Long Island, New York [ Enjielil et ul., 1982], and 
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TAB U: .2. Value of Physical Paramelcrs Used in Example: 2 

Parameler Assigned Value Units 

"' 
0.38 

s .. 0.632 
V 0.0816 cm/d 
co• 1.44 cm 1/d 
r.t,_, a.T 0 cm 
). 0.00264 d - 1 

K 1.456 
k, 0.073 cml/g 

Pa 1.5 g/cml 

Co 5546 µg/L 
So 404.91 11g/kg 

in citrus fields in Florida [H ornsby et al., 1983; J ones et al., 

1983]. 
A field study of aldicarb tr.insport was conducted a t a farm 

located approximately I 8 mi (29 km) northeast of Ri verhead 
in eastern Lo ng Island at Cutchoguc, New York . The study 
site is shown in Figure 5 and is approximately 7 acn:s (2.8 ha) 
in size. 

During December 1979, soil sa mph:s were taken at six lo­
cations using a bucket auger. Some of the results of th is sam­
pling arc shown in Figure 6 for the sam ples taken at the 
northeast (NE) and outhcast (SE) corners of the study field. 

Data for the case simulated by the present modd arc given 
in Table 2. These were determined from the information pro­
vided by Enfield et al. [1 982], where we have corrected his 
velocity [E,ifield et al., 1982, p. 719]. Only the 1979 appli­
cation of a ld icarb to the field is considen:d here. The simula­
tion was performed over a depth of 240 cm using a vertical 
grid consisting of 34 nodes and 16 c.: kments. The nodal spac­
ings were /l."C = 15 cm and L'.: = 15 cm starti ng at the surface 

and extending to the water table at the depth of 240 cm. The 
problem was solved usi ng the Galerkin scheme with the cen­
tral di!Terence temporal approximation. A variable time step 
was used with an initial time step of 1.08 days, a multiplier of 
1.2, and a maximum time step of 5 days. Relative con­
centration values were computed, where the zero value corre­
sponds to uncontaminat~d water and the unit value corre­
sponds to water that contains aldicarb in its application con­
centratio n c0 • 

Recharge at the top was a llowed and the injected water was 
considered to have a relative concentration of zero. Nonuni­
form initial conditions were used, with the contaminant slug in 
place a t the to p. To achieve this, the initial concentration was 
se t equal to c0 for the to p element nodes and equal to zero 
elsewhere. The va lue of c0 is given in T a ble 2 and was com­
puted based o n the actual volume of a ld ica rb applied and the 
po re volume of the top two grid blocks. 

Results from this si mul a tion after 242 days are also plotted 
on Figure 6, where these are the soil concentra tio ns obtained 
by multiplying the solute concentration by a factor of kd = 
s0 /c0 , where s0 is the in itial sorbed concentration of the soil. 
The valu.:s of s0 a nd c0 are given in T able 2. As may be seen, 
the peak concentrations occur a t approximately 60 cm depth. 

The results of this simulation compare well wi th the results 
fro m a n analytical solutio n presented by Enfield et al. [1982]. 
These results demonstrate ( l) persistence (). = 0.00264 d - 1 

) , (2) 
mobility (V = 0.0816 cm/d and k = 1.456), and (J) short dis­
tance to the water table (z = 240 cm). 

Mass balance information is prest:nh:d in Figure 7. Only tht: 
mass decay curve is show n because the mass sto rage curve is 
the same shape but opposite in sign. Also depicted in the same 
li gure is the mass balance error as a funct ion of time. Once 
again the magnitude of the error dccreas.:s rapidly with time. 
Howe ver, the erro r in this .:xample behaves di!Tcrently from 
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fig . 8. Two-dimensional lranspor t in an unsaturated so il slab. 

example: I. In the: prc:sent case, there is no fluctuation with 
time. Furthc:rmore, the magnitude of the observed error is 
much smalh:r than that for example I. A possible explanation 
for this is the fact tha t in this example a uniform steady sta te 
velocity distribu tion was used in solving the transport equa­
tion (7). Such a velocity field sa tisfies the continuity equat io n 
(S) for !low exactl y. Consequently, the computed con­
centration satisfie · the mass balance criterion much bette r 
than in example I. where inexact transient velocity and water 
saturatio n distributions were used to obtain the numerica l 
solution. 

Example J : Two-Dimensivnal Trc111spvrt 
i11 1111 U11s,1111rat etl Soil S/ah 

This probkm concern tran,port uf a nonwnservativc: 
solute in a rectangular cro,s section of an unsaturated soil. As 
illustrated in Figure 8, the soi l is initially dry and wati:r and 
,olutc arc allowed to enter the: sy, tcm at the upper portion of 
the kft -hand boundary. x - 0 and 6 :s;::::,; 10 cm. The right­
hand houndary. which co rresponds to the: ou tlet , is main­
tained at the: same initia l pressure head value. At the inlet, thc 
prc,sure head is maintained at i/1 = 6 - :, and the solut.: con­
centration is assumed to bt: I ppm. No !low and zcro normal 
concent ration gradients are applied to the remaining portions 
of thc cntirc houndary. 

Value, of the phy, ical paramt!lcrs rcquirt:d arc give n in 
Tahlc J. Once agai n. values of water saturation and Darcy 
veloc ities at different times were determined by analy1.ing the 
associated 11,Jw prol 1cm. Both flow and tran,port wen: simu­
lated using a medium rectangular grid . The grid was a uni­
form 11 x 16 grid composed of 176 nodes and I SO clements. 

T1\ IILI : .\ . Value, or Ph ys ical Para111cter~ U,cd in Example 3 

l'ara111ctcr Assigned Value Unit,; 

K I cm/J 
,p 0.45 
,{,( t, : . 0) '}() cm 
.'i~ 0.3 .1.l 
1/J, - 100 cm 
,t,. () cm 
t( ,, ~. 0) 0 
1,. I \.° Ill 

lr () \.'.I ll 

rt)• (),OI cm ' /J 
,l O.tlOI d - I 

i,: 2 

Suit nwi,lurc rclatio111 arc given in Table I. 
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fig. 9. Computed ho ri zontal distributio ns or solu te concentration 
at: = 10 cm. 

The noda l spacings were x = L\: = I cm. Time increment 
valucs were generated within the code using the algorithm: 

I 1 = 0.01 days. i'.1. = 1.2 L\t, _ 1 :S: 0.05 day. 
The transpo rt simulation was performed for IS time steps 

using the Galcrkin ~chcmc. (Upstream weighting was not ap­
plied in this case because the cell Peclct number, Pe= x/'J.L, 
was not large cnough to create numerical dimcultics). For 
\erification purposes, the solution obtained using the present 
finite clement model is compared in Figun:s 9 and IO with the 
corresponding Galcrkin solution obtained using the FEM­
Wt\STE code. Evidently, the overall agreement bctw.:en the 
two numerical solutions is reasonable. The hori1.0ntal con­
centration distributions depicted in Figure 9 arc all smooth, 
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Fig. II. M.1ss storage, ma,s dc·,:a y, and mass balance error curves 
fo r c,arnpk 

although the profile pn:dictcd hy the present model app.:ars lo 
be slightly ahead of that pr.:dicted hy FEMWASTE. Note, 
however, that at the two later time values the vertical co n­
centration distrihutions computed hy FEM WASTE cxhihit 
undesirahlc oscillations and incorrect representation of the 
zero normal gradient hounJary condition al the top hound­
ary, z = to cm. In contrast. the vcrtii.:a l concentration profiles 
computed by the pr.:sent model arc ~m noth . Furthermore, the 
zero normal gradient cond ition a l : ~ 10 i.:m is very well 
duplicated. 

We believe that the numerical osc illation prohlem experi­
enced by FEM WASTE i~ associat..:d with the manner in 
which the Gal..:rkin apprn.,imation of the transpor t c4uation 
is perform..:J . As dcscrihcJ by D111111id a11d Rt'l'n•.1 l I </76 I and 
Yeh and W11rd f I '>8 1 j, the fini te clement formulation em­
ployed in FEM WASTE is ,11.:hicv..:J by appl ying Green's theo ­
rem to both th..: di~persivc and the advci.:tive terms of th ..: 
primitive transport c4uation. Su,;h a formulati on prov ides a 
convenient way to accommodate third-type material flux 
bpundary condition~. U nfortunatcly, it is highly \cn~itivc to 
errors in the computation of Oarcy velocity and fluid flux 
values (sec l/ u1•,1~11m 1111d l'i111/l'r, l<JK.l, p. l'J9j . In other 
words, sma ll error~ in the estimate of the nuxcs can tri gger 
sizable oscillations of concentration va lue~ adjac.:ent to the 
flow boundary. Ex pcri..:nce indicates that thcse osci llations 
may be dampened as time goes on o r they may persist 
throughout the remain ing ~imu lation time period. 

Unlike the finite element formulation used in FEM WASTE, 
the present formulation is achieved by usi ng the transformed 
version of the transport equation (see equation (7)) and apply­
ing Green's theo rem only to the dispersive term. This leads to 
the numerical scheme that is much less oscillation prone. In 
addition, the mass balance computational algorithm also 
works well in two dimensions. This is evident in the result 
presented in Figure 11. In Figure I la, the behavior of the 
mass storage and decay cucyes may be noted. In Figure I lb, it 
is seen that the mass balance error for the problem solved 
behaves in a simi lar manner to th at in example 2. Of particu­
lar interest is the fact tha t the mass balance error correspond­
ing to the medium grid with 176 nodes is substanti ally less 
than that corresponding to a coarser grid consisting of 96 
nodes. The reason for this is the manne r in which the finite 
element solution and the mass balance schemes a re formu­
la ted. It may be recalled that the mass balance criterion used 
is an integral representation of the original transport equation 
(3). On the other hand, the numerical solution is formulated 
using the converted transport equation (7), which is equivalent 
to the original transpo rt equation (3), provided the continuity 
eq ua tion for water flow (5) is satisfied. If the velocity field and 
the watcr sa turati on distribution used in the transport analysis 
do not satisfy the continuity eq uation for flow, a signi ficant 
mass balance error wi ll be detected whe n the computed con­
centrati on is substituted into the solute mas· balance integral 
equation. 

As depicted in Figure 11. the mass balance erro r is greatcr 
with the coarse grid th an with the med ium grid because the 
velocity fie ld and water saturation distribution computed 
using the coa rse grid arc less accurate th an tho ·e computcd 
using the medium grid. It is also interesting to note that the 
mass balance error from the ana lysis of two-dimensional fl ow 
and transport is considerably less than that from the onc­
dimcnsional analy~is. This may be seen by comparing Figure 
11 with Figures 4 and 7. 

DISCUSS IO N ANU CONC LUSIO NS 

One major point th a t remains to bc disi.:usscd is the compu­
tational ..:ffici..:ncy of the numerical tcchni4ucs prcscntcd . We 
first i.:onsider the innucncc coefficien t tccb niquc fo r clement 
matr ix evaluation. lmplcmcntati,in of this tcchni4uc into th..: 
SAT U RN codc has led to substa nti al saving of the CPU time. 
In a gcm:ral i.:asc whcrc up~tream weighting is used. the CP 
cost of the inllucncc coefficient procedure is no more th an 8'1/., 
of thc Gauss 4uadraturc int egration procedure uscd in the 
previous papcrs by l/ 11 yakom and Nilk11/u1 (19791 and Yeh 
wrd Ward [1')821-

1 n addition to the inllucnce coefficient techni4uc for clcrncnt 
matrix evaluation, the mass balance computa tiona l sche111t: 
presented in th is paper is also cos t effective. Table 4 proviJes 
thc CPU seconds required by the SATURN code to run each 
of the three example problcms on the PRIME 550/ modcl II 
minicornputcr. The CPU cost for a 15 time step run of prob­
lem 3 using the fine st mesh (34 I nudes ) is approximately $6.00 
with the mass balance option and $5.40 without the ma~s 
halam:e option. As illu~tratcd in Table 4, the mass balam:c 
i.:omputational scheme r..:quire~ between 10 ;rnd JO% of the 
total ·pu time di.:p..:nding 011 the number llf nodes in the 
tiniti.: clement mc~h : the larg..:r the number of nodi.:s uscJ , the 
smaller is th..: percentage PU time rc4uircd by the mass 
balance scheme. The relationship between the percentage dif­
ference in PU time and the number of nodal points is plo t• 
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TABLE 4. CPU Seconds Taken by PRIME 550 (Model II) Minicomputer 

• CPU Seconds 
Number of Number of Percentage 

Probkm Nodes Time St.:ps Mass Balance No Mass Balance Difference 

1 72 44 
2 34 55 
3 96 15 
3 176 15 
3 341 15 

ted in Figure 12 on a semilogarithmic scale. Evidently, this 
rdationship is well fitted by a straight line within the range of 
the number of nodes considerc:d. 

The mass balance scheme presented in this paper is con-
1siderably mo re efficient than that presented earlier by Yeh 
[1981]. This is because the latter involves the determination of 
nodal values of Darcy velocity components by solving a set of 
211 simultaneous equations. For cases involving transient vari­
ably saturat<::d flow and transport, such a so lution must be 
performed for each time step and is rather costly. Each nodal 
velocity solution would req uire at least 8 times the CPU time 
required in solving for nodal concentration values simply be­
cause both the number of algebraic equations, 11, and the 
matrix bandwidth, 8, are doubled and the solution time is 
proportional to 118 2

• 

On the other hand, the present mass balam:e scheme does 
not involve such a ted ious Darcy velocity computation. In­
stead, boundary tluid a;11.I solute fluxes a re determined by 
backsubstitution of the nodal head and concentration values 
into specific rows of the globa l matrix e4uations already 
derived in the solut io n process. The rows that need to be 
considered would be those corresponding to the boundary 
nodes where nom.cro tlu xcs occur. 

In closing, we wou ld like to ind ica te that ou r mass balam:e 
scheme is one of seve ral mass balance chemes th at can be 
formulated for solute transport in porous mcdia. It should be 
n:garded as just a screening device for exami ni ng the numeri­
cal solut ion. One must rccogniLe, however, that a mass bal ­
ance check provides a nccessary but not sufficient condi ti on 
fo r ensuring accura te numerical solutillns nf the govern ing 
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Fig. 12. Number or nudes versus ·pu sc,onds rc4ui rcd by 
SATURN on PRIM E 550 min icomputer lO so lve lhe 11ivcn transport 
problems. 

80.39 59.84 25.6 
32.64 22.80 30.2 
51.43 38.73 24.7 

108.64 '88.73 24.7 
304.2 269.94 11.3 

i 
equations for flow and transport. It is not uncommon to en-
counter a case where an excellent mass balance check is ob­
tained, and ye t the numerical solution of the transport equa­
tion displays severe numerical dispersion or oscillations and is 
grossly inaccurate. An example of such a case is that of tran­
sient one-dimensional transport in steady uniform !low in a 
semi-infinite soil column. 

Despite its mentioned drawback, mass balance computation 
is still useful from a practical standpoint. The usefulness of a 
reliable mass balance scheme lies in the fact that it allows us 
to identify unacceptable numt:rical results that should be 
viewed wit h great suspect or discarded because of poor mass 
balanc.: errors. 

APPENDIX : \. ( NFL Ul:NCE CoEFFtCIENT MATRICES 

[ £,, ' ·']', [£1/')", [£ 11 ' 1]', AND [ ,W)' 

[ l 
-2 - I _:] I -2 2 I 

[£,, '·T = 6 - : I 2 -2 
-I -2 2 

[-1 
- I -2] 

[F.u YYY = 1 2 - 2 - I 
- 2 2 I 

- 2 - I l 2 

[' 0 - I !] I 0 - I 0 
[£,,'' ]' = 2 - ~ 0 I 

0 - I 

[f 
2 

I] I • 2 
[Ml'· - 9 2 4 

2 

i\i'l'l:NDIX : 2. ( NFL ENC'E COEI-FlCll 'NT MA rRICI~\ 

[E . T, [IV ]', [t., ']:. AND (£/ ]." 

[

- 2 
I - 2 

[E. 'Y=6 - I 

- I 

[

- 2 
:Y• - ~ - I 

[L., I - 6 I 

- 2 

2 
2 I 
I 2 
I 2 

- 1 I 
- 2 2 
- 2 2 
- I 

-I] - I 
- 2 
- 2 

!] 
- 2•11 - <X i 

2-x t 'X 1 -<X i 
[ ,,, '] [L:: ., '].· 

~ - 2'X 1 
6 -<Xi <Xz 2ixi -2<Xi 

<X z -'Xi -2,xl 2e1. 1 

_ . .., 
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NOTATION 

solutio n boundary. 
prescribed concentration boundary. 
pres<.: ribed dispe rsive flux boundary. 

.... 

prescribed total (disp.:rsive and convecti ve) flux 
boundary. 
element boundary. 
element matrix associated with dt:cay term. 
element matrix associated with time derivative. 
concentration of the dissolved consti tuent, M C3. 

c prescribed boundary concentrat ion, M L- 3• 

c, 

£,/ 
[EoJ' 
[Ev]• 

F, • 
i, j 

I, J, L 
k 

initial concentration of dissolved constituen t, M L- 3 • 

concentration of adso rbed constituent in the solid 
phase, M C 3• 

concen tration of the const ituent in the injected fluid, 
M L- 3• 

hyd rodynami, dispersion tensor, L2 r - 1• 

dispersion coefficien t ddined in equation (4a). L2 r -1
. 

coefficient of molecula r diffusion, L2 r -1• 

element matrix asso<.:iated with spatial derivatives. 
elemen t matrix associated with dispersive term. 
elemen t matrix asso,iated with advective term . 
element ri gh t-hand sidc vcctor. 
coordina te sub~<.: ripts. 
nodal subscripts. 
time lt:vcl index . 

k4 distribution <.:odticicnt, I: M - 1. 

I, m dimensions of re<.:tangular ckment. L 
[M)' inllucnc.: codficicnt mass matrix . 

11 num ber of nodes in the finitc clement network . 
n1 outward unit normal vecto r. 

number of nodes on the boundary. 
nu mber of we ll s. 
basis fun ctions. 
volum.:tri<.: ll ow ra te per unit volume of the medium, 
r -'. 

q, 0 prescribed boundary di~persive flu .\, Al C 2 T - 1. 

q< r pre~.: ribed houndary total flux, 1\-f C 2 -r - 1. 

Q,, volumetric rate of well at node f , LJ r - 1• 

R solution domain . 
R• clement suhdornain. 
S, spe<.:ific storage, C 1• 

s ... 

V, 
V. 

w, 

watc r sa turation. 
initi al sorbed con<.:cntration on th.: so il. 
elapsed time, T. 
flow vclo<.:ity in lhc x1 dire<.:tion, I. r -1• 

Darcy tlu x al the houndary, I. -,. - , . 
weight ing function for node / . 

x, component of the Cartesian ,oor<linatc sy~tcm, /,. 
a.,. longitudinal di ~pcr~ivity, I. . 

transver~e dispersivity, I.. 
Kronc<.:ker dclta. 

f\r rate of material loss, M T 1 

K retardation <.:ocfli1:ient defined in equation (4h). 
,l decay con~tant , T 1• 

ri ovcrall ~toratc <.:ocflicicn t L 1 

T tortu nsity. 

w time weighting factor. 
<fJ porosity. 

p8 bulk density, M L- 3
• 

P., density of the solid materi al, M C 3. 

t/J press ure head, L. 
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