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"(echniques for Making Finite Elements Competitve in Modeling Flow 
m Variably Saturated Porous Media 
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Gt'0Trm1s, Inc. , Rt'st,111, Virgina 

B. M. THOMPSON 

l111 era, lfuuston, T ~xas 

A Galerkin finite clement formulatiun is developed for the numerical simulation of water flow in 
variably ,aturat<.:d so il systems. I nduded in this formulatiun is a solution strategy based on Pica rd and 
Ne wtu n-Raphson algorithms. Both algorit hm, are de ·igncd especially to cope with severely nonlinear 
field prohlems. The two algorithms arc fo rmulated fur both rectangular and triangular clements. The 
element matrices are evaluated in a simple and efficient manner using a technique referred to as the 
"'influence cm:ffi ..:ient" technique. This techniq ue avoids numerical integration and leads to a substantial 
saving of computational cos t. Four examples are presented to demonstrate the effectiveness of the 
present tinite clement approach. Thcse example, show that the nonlinear solu tion schemcs arc capable of 
accomod.1ting cases involving large variations in th.: saturated hydraul ic conductivity. as wc:11 as highly 
nonli nea r so il muisture characteris tics. A comparative study of the Picard and the Ncwton-Raphso n 
algori1 hrns is also provided. The study indicates that dcspitc th.: higher wst per iterat ion of the New ton
Raphson ,chcme. it usually requires a sub,tan tia l! y smaller numb.:r of itcr;1tions than the Picard scheme. 
In some ins tances where convergence difficulties arc ex perienced with the lat ter schem.:, it is dcsirnble to 
use the Newton-Raphson sd1emc in order to obtain a cost-effective solution to the problem. 

I N I KOD T tON 

In recent years, problems involving water fl ow and so lute 
transport in var iably s;1tura tcd porous media ha ve rccdvcd 
increasing attenti on. O ne.: primary reason for this is the need 
to evaluate the suitabili ty o r a si te ro r near surface disposal or 
to .tic wasti:s. Another reaso n is the ni:ed to evaluate the 
impact of an c.:tisting waste.: disp0sa l si te.: on the groundwater 
system and it· c.:nvirnnmc.:nt. Buth types or evaluation requ ire a 
th oro ugh understanding o r wah:r f1 0w and co ntamina nt mi
gra ti on in S0i l rnah:rials. An effective way 10 devcl0p such an 
under5tanding is by means of co mpu ter si mulation using nu
merical models. 

This paper is thc lirst in a se ries of thn:e papers tha t dcal 
wi th the dc.:\cl opment and application of two- and three- di
mc.:nsil>nal tin itc.: clement n11 itkls. The~c.: models have.: been de
signed tll provide.: co~ t-c.:ffecti\ e solution:, tu variably sa turatc.:d 
fl ow and solute transpor t problcms. Our prime.: moti va tion in 
presenting this WlJrk is tu provide innovative.: tcchni4ucs fllr 
c.:nhan<.:ing the.: c.:llicic.:m.:y or the , a lcrkin tinitc.: clement ap
proach. thus makin g it more.: attrac.:tivc.: to use in ~olving cum
plc.t tic.:ld prohkms. To ac hieve the main goa l. it is c.:ssc nt ial to 
address rour fundamc.:nt :d i,sues pcrtaining to two- and threc
Ji mcnsiona l tinitc.: clcment computations. Thc.:st.: i,suc.:s conce rn 
the fl)llowin g : (I) the.: eva luation l>f clement matrices, (2) the 
formulation o r non linea r solut io n al g,>ri thrns capable nf treat 
ing tic.:ld prohlc.:rm wi th scvc.:rc.:ly nonlinea r !low rn ndition~. (.1) 
the formulati,,11 or a 111 :1 tri .t as~c.:rnbly and Sl> luti,111 , d1.:me 
tha t permits large thrcc.:-dimcn~io nal problems. cont.1ining 
probably \C.:Vt:r:d th ou , and unknown~. tl> he solved efficiently, 
and (-t) the rurmulation or a rc.:liahlc.: and dlicient mass h,1lam;e 
computatillll a l ,chemc.:. 

The first i,~11 c.: i~ important because the numhc.:r or repc.: ti-
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tio ns of c.:lc.:m.:n t matr ix computa tion is usually vc.:ry large: in a 
l0ng-tc.: rm transient si mulation , pa rt ic ularl y when nonlin
carit ic.:s arc involved. Thus there is a ncc.:d to develop an d
ficicnt technique fo r clement ma trix gene ra tion. To he d
rc:ctivc, such a technique.: sho ul d avoid .:o~t ly nu mc rh.:al intc
grati on. 

The second issue mcrits ,c ri ous consi<leratiun because m,J~t 
of the earl ie r nonlinear schemes have: ditlicultic.:s coping with 
certain practica l c;1ses in volving sevcrcly nonlinear soi l mob
lure charactc.: rb tics and large varia tions of hydraulic proper 
ties. 

Th.: thir<l iss ue is crit ical when one attempts to apply th .: 
Galc.:rkin method to complex threc.: -dimcnsiu nal lic.:ld prob
lems. The conve nti ona l prm:cdurc.: rur i:krncnt matrix formu 
la tion and a:,sc.:rnbly !cads to a ~ys tcrn o f algc.:hrak equa tions 
with a ve ry large matrix ban<lwid th . Such a sys ti.:111 is cx 
tn:mdy cos tl y lo so lve. Co11';c.:quc.: ntl y, th .:rc.: is a m:ed fu r a 
ht.:llcr matri ., w lu tion approach. 

The rourt h issue is abo important, although no t critical. 
Our litc.: ratu r.: su rvcy indicates that in llllVi l of the pre vious 
work. mass bala111;c.: computation is nu t providc.:J as par t or the 
finite elc.:rnc.:n t fo rmul ation or !low an<l transpo rt prohlc.:n1~. 
Only two rece nt papcrs [Yeh. 198 1; Yeh 1111d Ward , 19811 
attempt to a<ldrcss th.: mass computati onal problem. ll ow
c.:vc.:r. th .: 111.1ss ba lam:e algorithms prnvid.:d in these pa pcr\ 
r.:quire .:xcessivt.: compu tati ona l t.:lfort. 

f' UK l'OSI·. ANIJ Sn>l'I: 

Thc pr.:\e nt paper deals wit h lWll-d i1111.:nsi11n;d va ri ahly 
~atu ra tc.:d lh•w prohlc111~ and fucu~es on thc lir, t twn i,sue~ 
,tatcd carlicr. The ,ccund and third paper~ will dcal with tw,1 -
dim.: n~ional tran,purt and thrcc.: -dim c.: n~iona l !low and tran , 
port prohlc.:111s in their rc,pcc ti v..: order. Thc~c.: f,,rthcrnnin g 
paper~ will also focus llll the th ird and fuurth i,sucs. 

Several r.:sc.:a rchcr~ have applii:d linilt: clcrn.:n t technique, 
to two-<l imc.: n~io nal sa turated -unsa turated lh>w prubli.:,m, 
Among th t.: , e arc N(·111111111 [ 1'17 J], Nc111111111 t'I al. [19741 , 
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R,:eves cmd D11y11id [1976], Bruch [1977], Frind et al. [1977], 
Yelr and Ward [1980], and Cooley [1983]. In most of these 
pn:vious studics (with the e., ce ption of Cooley [1983)), nonlin
earities •wen:: treated using standard Picard solution algo
rithms. Although such algorithms arc simple to derive, di(licul
ties usually ar ise when o ne a ttempts to apply thcm to certain 
fidd probh:ms such as those consid.:red in thc prt:sent study. 

In order to deal with a wider range of fidd conditions, an 
improvt:d Pica rd algorithm and a Nt:wton-Raphson algorithm 
arc provided in this paper. (Tht: Nt:wton-Raphson algorithm is 
in<.:l udcd because it provcs to be a good alternative mcthod to 
usc in ccrtain instanccs when: convcrgcncc di(licultics arc en
countcrcd wit h the Picard method.) The two algorithms have 
been dcsigncd to accommodate a wide range of nonlinear soil 
moisture characteristic curvt:s. In contrast to most of thc pre
vious st ud ies [t: .g., Ne11111a11, 1973 ; Reeres and D11g11id, 1976], 
which used either triangular ekmcnts or quad rilateral ele
ments, we use both rt:ctangular and triangu lar eh:ments in this 
paper. A simple technique callt.:d "the inllucnce coc(licient 
matrix technique .. is prcscnted for evaluating eh:mcnt matrices 
rcsu lting fro m the Picard and the Nt:wton-Raphson algo
rithm s. This tt:chniqut: avoids numt:rical intt:gration and thus 
cnablcs t:lcmcnt matrices to bt: computed in a simple and 
cost-elft:cti vc manner. Furthermore, thc ust: of the chord slope;: 
approxima tion of the moisturc-capacity term lt:ads to im
proved convcrge rn;c of the no nlinear itcrations. 

Consider a situation in vo lvi ng two-dimensional isothermal 
fll) W of liqu id water in a partia ll y sa turated porous mt:dium. 
Ass uming that the role of tht: air phase is insignifican t. the 
watc:r !low problem can bc tk scribcd by tht: modified form of 
Richards' equation [sec Richards, 1931; Cooley, 1971 ; Uraestl'r 
et al .. 1971] : 

,, [ (c',J, )1 ( dS ..,) ,'it, -:;-- r:. ,1k,~ -,-+e1 -= s .. s, +,/)-JI, -;- - q 
l ' '(I < '(/ < II' ( ' / 

(I) 

where iJ, is the pn:ssure head. r:.,1 is thc saturated hydraulic 
conduc ti vit y tensor, k,., is thc relative pcrrm:ability with rc
spc.:ct tl) th c liq uid wa ter phas<.:, x,(i ~ I, 2) arc spatial coordi 
nate~. 1 is clap~cd timc. <', is the un it vector in th..: directio n of 
the 'l:z <.:oordinate (assumed tl) be vertically upward), S.., is 
water sa turation. S, i, th <.: sp..:cilic storag..:. ,p is porosity, and 11 
is the Vl> lum<.:tr ic llow rat<.: via so ur<.:cs (o r sinks) per unit 
vo lumc of th e.: m..:dium . 

It is appan:nt from (I) that we.: have.: posc.:d thc problc~1 
using prcssure h.:ad and wa ter ~aturation as d.:pc.:ndc.: nt vari
ables. Thc.:sc two va riables arc rc.:lated by a nonlinc.:ar constitu 
tive.: relatio nship which d..:pcnds on the typc of soi l. The rela
ti ve.: pcrmcahilit y k, •. is al ,o a non lincar funt:ti on whid1 <.:a n bc 
c.:xprcsscd in terms of ei the r water , aturation or prc.:ssu rc head. 
In this work it is assumc.:d that k,.,, is writtcn in tc.:rms of watcr 
sa tura ti on. It slrn uld al~o be noted th at </, which reprc,ents thc 
sour<.:c or ,ink tc.: rrn or ( I). may also be.: non li nea r (c.: .g., in a case 
invl>lving cvapo transpiratio n or wata uptake by pla nts). 

For the ,akc of con vc.:nicn<.:e, (I) i, rc.:written in thc form 

~ l-",l, .. (~'P I- <!1) I -= I/ ,~{I - </ 
I \ 1 I XI CI 

wherc 11 is an ov..:ra ll , torag..: co..:fli<.:i..:nt, dcfin..:d as 

1/ 
. . JS .., -~ ... s. + ,p -

dit, 

(2) 

(3) 

The initial and boundary conditions associatt:d with (2) can 
be t:xpressed as 

1/,(x,, 0) = iJ, 0(x;) (4) 

iJ,(x1, t) = ~ on 8 1 (5) 

and 

V;n, = - v. on 8 2 (6) 

where;: 1/,0 is the ini tial head value, B I is tht: portion of the !low 
boundary where iJ, is prescribed as ~. B 2 is the portion of the 
flow boundary where the outward tluid flux is prescribed as 
- V,,, and 111 is thc outward uni t vcctor normal to thc bound
ary B z· 

In this work the solution of (2) subject to (4)-(6) is formu 
lated using thc Galcrkin finite clcment method. When the dis
tributions of iJ, a nd S.., havc becn determined, Darcy veloci ty 
components arc computed using the foll owing equation 

(7) 

GALl::RKIN A PPROXl~IATION 

To approximate the !low c.:4uation by the G alcrkin fin ite 
clemt:nt mcthod.. lt:t thc pressu re head functi on 1/, bc approx i
mat c.:d by a trial functi on of the form 

~(X;, 1) - I i(_'(,),/J Jfl) J = I, 2, · · · . 11 (8) 

whc.:rc Ax,) and ,/J i(t) arc.: basi · fun cti ons and nodal values of 
iJ, at timc 1. rcsp..:ctivcly, 11 is the num bcr of nodes in the finite 
clement net work. and r<.:pcatcd indi..:es imply nodal sum ma
ti l>n . Ry appl ying the.: Galcrkin lin itc elem..:nt prrn;cd urc to (2) 
and transformi ng thc scco nd ordc.:r derivative tam (for det ails. 
scc.: ll11 )'<1korn ,11 11/ l' i11,h·r [I') , J]). one obtains 

i . 1
1N1 ,1,v1 i . 11,v, 

/\. ),,., ,::- -,- i/1 1 dR + 1'.,ik, ..,. -
1

- e1 dR 
H I XI I '(J H LX1 

+ f ,, ,N1 ""', 
1 

dR - r ",l .. (~"' + (!,)"· 11 11 
H I I J,, C .'Cl 

-l N ,qdR -= O I -= I, 2, · · · , 11 (9) 

where R i, the S\i lution domain with boundary B. 
Hc.:rngni ,ing that thc basi · fun t: tio ns arc pic.:cc wisc <.:ontinu 

ous ovc.:r ea..:h ckmcn t, (9) i, now written as 

I -= I , 2. · · · , 11 

with the matrix coe(licients defined as 

( 10) 

(11) 

t ll) 

( I J) 

where R' is thc elcmcnt subdomain wi th boundary /J', v. de
notes the normal Darcy llux intcnsity at the.: boundary, and 
the.: .,urnmation is performed ovc.: r the.: total numhcr of clc-
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ments."The sign convention for V,, is chosen to be the same as 
q. That is, V,, positive for inward flow and negative for 
outward flow. 

SOLUTION STRATEGY 

Equation ( I 0) is a system of time-inckpendent integrodif
ferential equations that arc nonlinear because the matrix ele
ments, Au and Bu, are functions of the nodal unknowns, r/1 1 . 

To obtain a cost-effective solution of such a nonlinc.:ar system, 
the following solution strategy is adopted: 

I. Treat the.: nonlinc.:aritic.:s using an implicit Picard itera
tive scheme or a more strongly convergent Nc.:wton-Raphson 
iterative scheme designed ..:specially to avoid convergence dif
ficulties usually c.:ncount..:red when cc.: rt ain nodes are bc.:ing dc.:
saturated. Neithcr of thcse iterative schcmc.:s requires artificial 
lumping of thc mass matrix ddinc.:d in (12). 

2. Use simple.: rcc.:tangular and triangular elc.:ments and 
avoid costl y numaica l intc.:rgration in computing clement 
matriccs and the right-hand-side vector. The numerical intc
gration can be avoidc.:d by computing the dement matrices 
usin • an inlluenc.:e coclli<:ic.:nt tc.:chnique described in a subse
qu.:nt sc.:cti,rn . 

J. Pcrform time marching u,ing an automatic scheme that 
permits thc time ,tcp va lue to be increased logarithmica lly 
and pc.:rmits the time stc.:p to be cut back and the solution 
continuc.:d whc.:n the ma~imum numbi:r of iterations allowi:d is 
exci:i:di:d. 

4. After cunve rgcnci: of thi: num..:rical solution, computi: 
elemi:nt vi:lrn.:i ti c.:, using ,impk formulas that rc.:quiri: minimal 
computation .ii effort. 

l'irnrd Sch,01111! 

In the Picard iterati\c sd1cmi:. time inti:gration of (10) is 
pi:rformcd in a ~tandard manner using a linite diffcn;ncc.: ap
proximation of the.: time dcrivati\e. After rearrangement of the 
tcrm,. the f.,llowing ,,stem of algc.:braic equation, is obtained : 

·I l • "' + _11__ ,. l , I 
( 

H 1 • .,) 
( 1) , /J 1,, J 

L\t 1 

lJ l ._,, 

f'/ '" 1-(, ,, - l) .•t,/ •" 1/,/ + - u--r/1/ 
/1/ I 

(14) 

whcrc CtJ is a timc wei ghting fa.:tor, supcrscrips k and k !- I 
denote the previo us .ind current time lcvcls rc.:~pccti\cly, and 
6.1 1 is the /..th time increment. '• = 11 , 1 - 11• 

In th is work. either thc timc-ccntc.:rcd rank- icolson 
scheme.: or 1hc fully implicit backw,in.l dilli:rcncc lime stepping 
scheme is adopted, and thc va lue of'" is ~ct to cit her 0.5 or I. 
With in each time step. iterations arc pcrforrncd to achieve a 
stable numerical ,olution. For each itc.:ralion the most rcccnt 
nodal value~. 1/, 1

1 
' ' = ( I - 111),jJ 1 l + 1111/, 1 ' • 1, arc used to com

pute cocffic.:icn t 111atricc, and right-hand -~i dc vector. Experi
ence indicates that 1,, obtain good convergence, caution must 
be cxcrciscd in the computation of the moi,turc capacity term, 
</>dS..., /tl1{,, nf ( l}. R.tlh<.:r than u~ing the tan ge nt slnpc of 1he 
watc.:r saturatinn vcr,u, pressure.: head curve.:. the.: term dS..., / ,/1{, 
is co_mputcd u,ing the.: foll,>1ving .:hon! ,lope formula: 

dS ..., s . .: • I - S...,' 

1/i/, 1/J' ' I - r/J' 
(1 5) 

where r + 1 and r denote cu rrent and prcviclll~ iteration levels, 
and the absolute head dilfcrcncc 11/J' • 1 - r/J'I is dctcrmincd 

L---- - ------

l(• l 

<•> 

(bl 

Fig. I. (I erativc.: solution of nonlinea r c4uation f(~) -" 0. (11) 
Newton -Raphson scheme. (h) Chord ~lope scheme. 

such that it is no less than a certain sma ll tolerance ( ,t,) ... 10 

that may bc cho,en arbitrarily. 
To illustrati: how thi: use of chord slop.: projection can 

drastica ll y improve convc rgencc of the nonlinear iterations, 
consider a si mple case illustratcd in Figure I. D.:spitc the fact 
that th i · ca,c.: involve · thc Ncwton-Raphson type solution of a 
onc-variahlc prohlem.j'(x) = 0, it provides a good lkmonstra
tivc cxamplc. In Figure la it is ~ccn that thi: tangen t slope 
iterati ve.: procedure, which starts with an initia l guess :c 1, fail s 
to converge.: when/('() takes an S shapc and thc curred solu
ti on '( • is at thc inlkction point of thc curve. To ovcrcomc th e.: 
c.:onvcrgcm:c difficulty, thi: chord slope projcction i. applii:d, as 
shown in Figure I h. It can he sccn that by starting with the 
same initial valui:, '( 1 , convergence to th.: eom.:ct so lution i, 
achic.:vc.:d after three itc.:ration,. 

fhc ahmc di~cus,inn can he cxtc.:ndc<l to the variably satu
ratc.:d llow prnhkm hc.:causc thi~ problem is an iterative solu
lio n of ( 14) whid1 can hc cxprc,scd in the.: form 

I = I. 2. · · · , 11 (16) 

whi:rc 1 "': 1/, 1
1

'
1

. 

The.: function;; usually cxhihih inllcction due to th.: fact 
that the.: n.:latiomhip of s., vc.:rsus 1/, is usually an S shape 
curve. Thus it is not surprising lo encounter .:onvcrgc.:ncc dilli
cullics if thc tangen t slope evaluation of ,/Swfdt{, is used in 
conjunction with thc Picard or thc Ncwton- Raphson ,olu ti on 
of (14). In a manner similar lo that \hown in Figure I, the 
conv..:rgcnce failure is manifc,tc.:d as o~cilla tions about thc true 
snlution. To circumvent such diflicultics, wc decided to adopt 
lhc chord ~lope hascd itc.:ralivc ~che111c. For thc Picard 
scheme. thc cl10rd ~lope evaluation is pcrforim:d for dS.., f,l,f,. 
For the Ncwlon -Raph ,on, which i, clahoratcd in the next 
scc ti,111 , the chllrd -,h,pc cval11<1tinn i, performed for hoth t!Sw/ 
,/,{, and dk, .., /dS..., . 

Another , ig11ilica111 fcalurc of thc prc~cnt nonlinear formu
lation i~ lhc u~c of cxl rapolation formulas fur cstimating nudal 
valuc.:s, 1/,l • 

1
, thereby furthcr cnhancing convcrgcncc of the.: 

itcrativ.: process. At 1he start of a ncw time level, an initial 
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estirt\ate of i/11 
• 

1 is obtained from 

i/J/+ 1=1/1/ k=I 

i/J/' 1 = i/J/ + (i/J/- i/J/-l)6_t1/26.11-1 

,1, 1 , 1 = ,1, 1 + (·'· 1 _ i/1 1-1) log (tu 111tl 
"'

1 
"'

1 
"'

1 1 
log (11/11- 1l 

k=2 

k>2 

(17a) 

(17b) 

(17c) 

Equations (17b) and (17c) were used by Cooley [1971]. One 
other feature of our proposed Picard solution algorithm is a 
provision for combining central and backward difference tem
poral approximations. The combination is made in the follow
ing manner. For those finite el.:mcnts that are in the unsatu
rated wne, the time weighting coefficient w is set equal to 0.5, 
thus resulting in the.: use.: of ccntral diffcrcnce approximation in 
time. For the remaining elements that arc in the saturated 
zone, w is s<!t equal to 0.5 or I, depending on whether com
pressibility of the porous medium, the S, term of (3), is taken 
into account. The use.: of backward dilfaence (co = l) is desir
able when the storage term is zero and the governing equation 
(2) bccomes an elliptic equation [Neuma n t.'I al., 1974]. 

For each iteration a system of linearized algebraic equations 
is di.:rived. After proper incorporation of boundary conditions 
the linear system can be solved usi ng a direct equation solver 
that takes into account the symmetric and banded feature of 
the global cocflicient matrix. Updating of matrix elements is 
performed by recomputing values of relative permeability and 
overall storage cocllicient of the mass accumulation terms. 
Iterations arc pcrformcd until the succcssivc change of prcs
surc hcad va lucs is within a prcscribcd hcad tolcrance. 

\,fatrix Co111p111111io 11 f or Rectw1y11lar Elemt.'111s 

It is apparent that the.: Picard algori thm presented above 
requircs wmputation of cocllicicnt matriccs [A] and [U] and 
the.: right -hand-side.: vcctor {F} of (14) for each itcrativc solu
tio n pcrformed within each time.: stcp. Because.: the.: total 
numbcr of repctitions of such cumputation can be up to sev
i.:ral hu ndrcd o r cvcn a fcw thousa nd in a long-tcrm simula
tion of a !icld problem, it is desi rable.: to minimiLc the compu
tat iona l clfort rcquircd to obtain clcmcnt matriccs, [ , t]' and 
[/3]', and the clcrncnt ri gh t-hand-side vcc tor ( F} '. This is ac
complished by using an intlllcnce coefficient tcchni4uc dc
scribcd hclow. 

on~idcr the.: rectangular elcrncnt with the.: local nodc num
bcring ~lwwn in Figure.: 211. I.ct us assume.: th at x and y corre
spond to \'. 

1 
·ind x l coordinatcs and that the coord inate.: axes 

arc parallcl to the dircctions of the.: principal components of 
the.: hydrau lic conductivity tcnsor. Using these assumption~ 
and ( 11 ), o ne obtains 

r ( c1N, ' J NI ,, J) IR 
A,/ = JH, K .. k,.., -;;-; -;;-; + K,,k, .. i)y i)y ( 

:::e ( K ,.k,.., ) - ' 7 dR 1- ( K,,k,..,) - ,- - ,- dR i J ~N i ~N , ~N 1 

H• ( .'( UX H• ( Y I Y 

( 1811) 

whcrc ( I( .. k,., ) and ( K ,,k,.., ) arc vallleS uf K. .,k,.., and K .,k, .., 
at the clement centroid. Nott: that the ccntniidal va lue.: ap
pruximations of K ,,K,.., and K,,K,.., an: uscd in prdcrcnce to 
functi ona l rcprc~en tat ions in ordcr to simplify the integration 
and obta in a ~implc cxprcssion for clement matri., [A)'. Such 
approximations arc usually ackquatc when used in conjunc
tion with a sufficiently refined linitc elemcnt mesh. 

T 4 3 

m 1y• 
1 2 

X' 

1 

( a) 

2 

(b) 

Fig. 2. Local node.: nurn hcring and coordinalc systems for (<J) rec
tangular dcmcnl and(/,) triangular clcmcnl. · 

In matrix form, ( 18a) ca n be.: writtcn as 

Ill I 
[A]' = (K,.k,.,) -

1 
[A'T + ( K ,,k,.., ) - [A 'T (18h) 

Ill 

whcre / and III arc the dirncnsions of the rcctangular clcmcnt . 
and [ii"]' and [A"]• arc matrix coellicicnt · that arc indcpcn
dcnt of the.: dimcnsiu ns of the.: rcctanglc. 

[ko.:ausc [ ,·l "l' and [ , t"]' arc indcpcndcnt of the ch:mcn t 
dimcnsions, thcy arc rcfcrrcd to as .. inllucncc cocllicicnt '' 
matrices. Thi: cxprc~~ions of ( ,I "]' and [ ,·P' l' arc gi vc n in 
Appcndi:< A. In a similar manncr, it can bc shown that the.: 
clemcnt matrix [IJT' of ( 12) can bc computcd from 

1111 
[HY = - ( 11 ) [/\f]" 

4 
(I 9) 

where.: ( 11 ) is thc value of 'I at the clement ccntroid and [Ml" 
is anothcr intlucncc cocllicient matrix, givcn in Appcmli .~ A. 

As can he sccn from thc appcndix, the tlm.:c inllucncc coef
ficient matricc~ arc c,tremcly simple.: and require.: virtually no 
compulational elfor t to cva luatc. Furthermore, cach of thc\c 
matrices has an interesting propcrty : thc sum across an y rnw 
or column is cqual to a constan t, 1.ero for [ .·I "l' and [:I '''' I'' 
and unit y for (MI", Thi~ property can be.: used a~ a q11ick 
rnca ns for chccking the.: rcsult of ck:ment matrix computation. 

A~surni ng, fllr lhc tirnc being, that the.: si nk (or source.:) und 
boundary llux terms arc Lero and that thc y cuordinatc axi · 
poin ts vcrtically upward, the right-hand-side: vcctor { I-' • can 
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• 
also be easily computed from 

I 
{ F}' = - 2 ( K11k,,.,){ F

1
}' (20) 

where {F,}' is an influence vector given in Appendix A. 
In the case where a boundary segment (say, segment 1- 2 in 

Figure 2a) corresponds to the flux boundary, the boundary 
flux term exists and the last term in (13) can be written in 
matrix notation as 

(21) 

where v., and V,, 2 are normal flux values at node I and 2, 
respectively, and I is the kngth of the boundary segment. 

Finally, if si nks or sources are pn:sen t in the flow domain, 
the si nk or source term in (IJ) depends on the type of ink or 
source function . For the case involving point sinks and 
sources, the: general expression for q is 

·-
q = I Q,.,5(x - x, .• }' - r,.l (22) 

, , :II 1 

where 11 ,., is the number of ·inks and soum:s. When (22) 
used. 1he sink (or source) term in ( 13) becomes 

~ L N,q dR = ~ Q,' = Q, (23) 

For the case involving di,1ributed sources, </ can be repre
se nted using linear interpolation functions and the integral 
can also be evaluated in a simph: manna. 

M otri \'. C111111111tat i,111 j ,,r 'f'ri<111y11/c1r l:.:lc111i:11ts 

To hanule a llow region with complex geometry, it is desir
able 1~, use rectangular eh:ments in combination with triangu
lar eh:menh, particularly in the 10111.:s wherc mesh e.,pansion 
or c,> nlrac1i ,, 11 is requirc.:d or whcrc huundary gcumctry 
cannot he accurately repre,entcd by lhe use of rectangular 
ch:ment, alnnc. A typical cumple ,hnwing an elh:ctivc utili,a
tion of cu111h111ed rcctangular and triangular element, is de
picted in Figure J. oefficicnt malricc, fur triangular clements 
can also be con,lrucled by u,ing the inlluencc c:ocllicien t tcch
ni4ue described previously. 

I 
50 m 

1 

Considt:r the typical triangular element with the local node 
numbering shown in Figure 2b. The 3 x 3 element matrix 
[A]' resulting from the Galerkin approximation of the flow 
equation is obtainable from 

[A]'= .i(( k.,A ... )[A.u]" + ( K
11

k,,., ) [A 11]') (24a) 

where [A xx]• and [A 11]' are influence coefficient matrices 
given in Appendix B, (Kxxk,,.,) and (K

11
k,,.,) are values of the 

components of the hydraulic conductivity tensor at the cen
troid of the triangle, and 6 is the triangle area. Note again 
that the sum across each row and each column of these 
matrices is equal to zero. In addition, considerably more com
putational effort is required to gcn.:rate these 3 x 3 matrices 
for triangular elements as compared to the 4 x 4 influence 
coefficient matrices for rectangular clements. 

Similarly, the mass matrix [BJ' and the right-hand-side 
vector of the triangle can be generated from the formulas 

6 
[BY = - (11) [M]' 

3 

{F}' = -.i(( K,,k,.,. ){ F,}') 

where [M]' and {F,} ' are al ·o given in Appendix B. 

Nt!1,·tm1-Raphsv11 Scheme 

(24b) 

(24c) 

In ce rtain si tuations where the rdativc: permeability and 
water sa turation functions arc very highly nonlinear, conver
gence difficultics may be encountered in so lving the flow equa
tion by using the Pica rd iterati ve method. To overcome thi s 
problem, the Nc.:wton-Raph,on method should be.: considered. 
The cwton -Raphson procedure has bcen widely uscd in con
junction with finite dilli:rcnce techniques to ·olve variably
satura teJ llow probh:rns. Examples of its application can be 
found in the work of IJrut .rnat [197 11. nfortunately, for the 
nonlinear 11 w equation considcred in the presen t imesti 
gation, mo~t finite clement solution schemes reported in the.: 
literature are bascd on Picard's iterations. In view of this. it is 
appropriate to provide herein a comprchcnsivc derivation of 
thc Ncwton-Raphson algorithm developed in the present in
vestigation. 

Let Ci 1 denote the left-hand side or thc system of ordinary 
dilkrcnlial equations ( 10) re~ulting from the Galerkin finite 
clement apprnximation of lhc variably saturatc<l llow c4ua
ti u11 . Thus G, can he expressed as 

d,/J 1 G, o1 .-111 •/1 1 f- 11 11 - - I-', -= 0 
tit 

I, . . · . II (~5) 

Fi11. ). E.,amplc 11lu,1raling how rectangular and lriartt(Ular clcmcnls can be u1ili1cJ clfcc1ivcly lo rcprc, cnl a region with 
irregular i;comclry. 
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T •-o 
4 cm 

K • 1 cm / day,f - 0 .4S 

•<•, t•0l • -93 .33 cm 
• - •93.33 c m 

1 
Fig. 4. Schematic description and data fur the test prubkm in ex

ampl,: I. 

For th.: typica l rectan gular clement (Figure 2a) the ex
pression for G ," can be written in the form 

(rf> /111)("s ... r/1~) , + - - --- - 11 1 - F1 = 0 
4 d1/J dt 

(26) 

I = I, 2, 3, 4 

whcr.: ;1
1

/ and M1/ arc ckmcnts of the ckment matrices 
(ti)" and (M]", !}., and ,~ arc c.:ntroidal values of water satu
ration and pressure h..:ad functilln s, r..:spccti vcly, and 11, = I 
for / = I through -4. Notc th a t ~ = ¼(,/J , + ip 1 + ,flJ + t/J4}, 
and use of the chain ruk of dilkrentiation <,S,. /?t has hc.:n 
rc:placcd by (c/S., /d~ )(1' 1~/d1). 

Application of th<.: Newton-Raphson prncedurc to (25), writ
t.:n in its full y implicit linitc <liffcrcnc<.: form, yidds [sc<.: lluya
kom and Pinder, 198 .\] 

G,' ' 1 = Ci,' 1-
1
- -

1 
1/J / " 1 = 0 (

' G )' 
,' ,fl J 

I == I. 2, · · · . 11 (27 ) 

whc.:n; r and r I dcn otc prt;\ io us and prcsc.: nt itcr,ttio n lcvcls 
at thc cur rc nt tim..: valuc, L\1/J / ' 1 is dclincJ as 

61p / • 1 = Ip/ • I - 1/1 / (28) 

and thc Jacobian is givcn by 

(:~9) 

in wh ich L is a dumm y nodal subs1.:ript ,111d ark 1s thc tim.: 
incr..: 111 c.: nt. Equation (~7) can b..: written in the.: form 

I 

"' - 0 . 8 z 
0 .. .. 
« 
:, 

~ 0 . 8 

"' « ... .. .. 
J 

O .• S ATUAH 

UHSAT2 

I ..,, ' · 1. · · · , 11 

a S l .. l·AHALYTIC 10lUTI0H 

(JO) 

0 . 2 '--- --''------'----'----~---.,__ __ ....J 

0 • 
OIIT.t.MCI, •• om . 

10 u 

Fi!(. 5. ompari , 011 of w.1tcr saturat ion profile, obta ined u, ing 
SATU l{ N, UN SAT2, and the ,cmi :111 al ytieal ,ol uliun. 

-100 ,------,-----,------,--------,-------, 

• 80 

e 
u .. 
ci -eo .. 
"' :z: 

"' CZ: 
:, 

~ -40 

"' CZ: 

"' 

-20 

4 12 

OISTAHCt!, 1., cm 

20 

Fig. Ii. Cumpari ,on of pressure.: head profiles computed hy 
SAT URN and UNSAT2. 

For indi vidual linit<.: c:km.:nts , thc Jaco bian (;an be .:x
prcssc:d in th.: form 

I . J = I, 2, 3. 4 (JI) 

wh..:r.: ,1
1
/ co rrcs ponds to the: matr ix l!lcm..:nts of the l' i..:ard 

it..:rati v..: rn..:th od. and :1 u •··. /1 u • 0
, and Fu• •· ar.: givl! n by 

(
11( ) [ /II / ·1 -= , ,'."' f.;, « -

1 
(· I, L " )' + f:. ,., - ( ti 11. " )" 1/J r. 

< 1v 1 m _ 
(.\211) 

IJ •·· _ (/111)(S,:,'_,) \{ ,· 
u - • r. . u 

(/m)(SJw) ,. 
- .\/ /J 

• 1\1 , 
(_\2 /,) 

r •·· --= (''"--·)[(~)r. ·· J 
I J / 1/J 1 2 , 1 -

(J2<') 

40 ,--- --,-----,-- ----,-----.---,-----, 

E 
u 
~ 30 . 
" ' .., 
s 
~ 

w 20 ... .. 
a: 

J 
0 .., 
"- 10 
! 

SATURN 

UN 5 AT2 

o L __ _.1. _ __ _.1. ___ _,_ _ __ _,_ ___ ~ ---0~. ,2 

o.o 0 .02 o.o• o .oa o .oa o. , o 
TIM I!, d •Y • 

Fig. 7. Co mpari , 0 11 of inll uw rate, computed hy SATU RN and 
tJ NSA T 2. 
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in which , t,,_-'-' and A 11.n are the: componc:nts of the: intluence 
coefficient matrix in the x and y directions. respectively, and 
Uu = 1 for all / and J . Note: that N.,.., /2 i/J 1 is evaluated using 
the: chain rule as follows: 

· ~::· = C~J ci .. ) ;:J = ~ C~J C:~) (D) 

By substituting for (G,')", (c' G,'/ c'i/11 )' and D.i/J/ + 1, (30) can 
be written at the: element kvd as follows: 

(.4,/ +Au••+ Fu••+ Bu•")1/J / .. , 

=(Au.,+ Fu•'+ Bu•")i/1/ 

(Im) 1\,/,/ 
- 4 S, •• /:l{k (tp/-i/J/) 

-et)(~;Jw -V?) + (F,'")' 

In matrix form, (34) bc:comcs 

((A]'+ [ , 1']'){,/J }' .. , = [ll']"{i/1} ' -C:')(5~~"') 
. [M]'"{{i/J}' - {i/1}•) 

(
<f,lm) s w - ~k) - - . .., {11} + ({f}T 

4 l:l/k 

(34) 

(35) 

wht:rc [Al" is identical lo the element matrix [.-t]' of the 
Picard schcm.:, and [A']' is ddincd as 

[AT = [A•]" + [F"]' + [IJ"] ' (36) 

The.: rema ining coclfa:i.:nt matric.:s ( ,1 • ]'. [LJ• j". and [F• y 
arc given in Append ix , which providcs a quit:k m.:ans fur 
clement matrix computa ti on particularly if we.: note.: that the 
columns of [ .·I• Y arc identical lo on.: another. 

For a typica l triangular clement (Figure 2h). one can also 
apply th.: above Newton-Raphson procc.:durc and obtain an 
clement matri ., that takes the same form as (35) with the 
exception that the leading term (/111/4) now becomes (il/ 3). and 
(,1 • ]'. [B• ]'. and [P ]' arc given in App.:ndix D. 

It is apparent from Tables 3 and 4 that the clement matri ., 
[,t • y is asymmetric. thus causing the global cocllicient matri ., 
of the Ncwton-Raphson ~c hc.:m.: to be.: asymmdric. Indeed, this 
is the;: main drawback of the.: Newton-Raphson sc hc.:m.: as com
pared Ill the Picard scheme, which produces a symmetric 
global cucllicien t matri ., . 

Vdocity and Noc/al Flin: Co111p111ation 

After satisfactory convergence of the iterative ~olutiun has 
been achieved, it is necessary to compute Darcy v.:lo,ity com
ponents if a suh~cquc.:nt analysis of the related ~olu tc transport 
problem is rcquin:d . If the ll ow problem is tim.: dcpc.:ndcnl, the 
velocity computation may have to be performed for many 
time.: ~tcps. Thus it is desirable to use a simrlc algorithm that 
permits the velocity computa tion to he achieved in a cost
dfcctivc manner . For this reason we ha vc developed simple 
formulas that enable va lues of Darcy velocity components at 
the centroid of a rectangular or a triangular clc111cnt to he 
dctcrmincd u~ing minimal ClHllput.1tional effort. For the typi
cal rectan gu lar clement (Fi •urc 2C1) the ccntroidal va lues of ,.. 
and y componen ts of the Darcy velocity arc given hy 

(V,) 
( ~ .,k, .. ) 

21 (l,,+l,. - 1,l - l,J) (37a) 

(K,,k,..,) h I 
(V,) = - =--(h 1 + i,l - J - 14 ) (37b) 

2m 

where Ir, is the hydraulic head at node / . The value of l, 1 is 
simply the: sum of i/J I and the elevation of node I with rc:spcct 
to a given datum . For the triangular clement shown in Figure 
2h, ( Vx) and ( V, ) arc given by 

(Vx) = (Kj,..,)(P, h1 + f12h2 + fl3h3) 

<V,> = (K,A..,>(r, h, + Yzhz + YJhJ) 

()8C1) 

(38/J) 

where fJ and y are geometric coefficients of the triangular cle
ment and arc defined in Appendix B. [n addition to Darcy 
velocity computatio n, computation of nodal flux values for the 
boundary or interior nodes at which the fluid tlux is nonzero 
may also be required. Although there are sc:veral schemes for 
determining the nodal flux values, the scheme recommended is 
the procedure in which back-substitution into the global 
matrix equation is performed for certain rows that correspond 
to the spc:cilicd nodes. For a more detailed discussion of this 
procedure, the reader is referred to Huyakorn and Pinder 
[ I 983]. 

ILL USTRATIVE EX,\~IPLES 

A computer code: calh:d SATURN has been developed to 
simulate two-dimensional fl ow and transport in variably sa tu
ralt:d porous mt:dia. The llow m dulc of this code is based on 
the: Galcrkin finite dcmcnt technique and the non linear so lu
tion t.:chniqucs described in the foregoi ng sections. To verify 
th.:sc techniques and demonstrate;: their capability to handle 
very highly nonlinear problems. we elect to use four examples 
and present them in this s.:c ti on. In the first example, the: 
SAT RN code was used to solve a simple hypothetical one
dimensional problem. The numerical result obtained was com
parc.:d with the.: scmiana lytical solution of Philip [ 1955, 19691, 
as well as the finite dcmcnt solution obtained usi ng the 

NS/\ T2 flow code documented in the: previous work by 
Ne1Cmw1 et al. [19741 . In the remaining cxampks the: 
SATUR cndc: was used to analyze thm: ri:alistic on.:- and 
two-dimcn~ional llow prnbkms invo lving inhomogcne;:ous soi l 
materials and vt:ry highly nonlinear constitutive relations. 

f:xC1111pl,• I : One- Oi111e11sicmal 1/ori:omal Flow 
i11" U 11 ifor111 Soil Slah 

This problem conccrns one-dimensiona l adsorption into a 
soi l Cl>lumn with the two ends subj.:ct to constant heads 
(Figure 4). The main purpose i, to ch.:1.:k both the Picard and 
the cwton-Raph~on iterative ~chcmes. This was achieved by 
comparing our numerical ~olution wit h the scmianalytical 
so lutilln of Phil ip [1')55, 1')69] and the corresponding finite 
clement so lution obtained by running the U NSi\T2 code.:. For 
the ~akc of convenience, linear constitutive relations < r k,.., 
versus S.., and S.., vcr~us ,/J were used. These relations and 
valu1.:s of their parameters arc presented in Appendix E. 

To obtain the numerical ~olutions. the ll ow region wa~ dis• 
crcti1.cd using a uniform grid cunsi~ting of 20 rectangular cle
ments. each having i\x of I cm and y of 4 cm, where x and 
6.1· arc the nodal ~pacings in the x and y dircctil)ns, rc~pcc
tivcly. The time di~creti1.ation wa · pcrformc.:d also in a ~,mplc 
manner u~ing a con~tanl va lue of t'!.t ~ 0.0 I days. Cl)mputed 
values of water saturation arc presented in Figure 5 for three 
typica l time va lu es. Note that the result from thc SAT RN 
code was ohtainc.:d u~ing the Picard algorithm. and the water 
saturation va lues dcpict..:d correspond to the values at the.: 
clement centroids, whereas the water sa turation values given 
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TABLE I. Net lnnow Rate and Cumulative Fluid Storage 
Compu~d by SA TURN and UNSAT2 for the Test Probkm in 

Example 1 

Time, 
days 

0.01 
O.o2 
0,03 
0.04 
0.05 
0.06 
O.o7 
0.08 
0.09 
0.10 
0. 11 
0.12 
0. 13 
0.14 
0.15 

lnllow Rate per Unit Wid1h. cm l/d/cm 

SATURN 
(Picard) 

39.09 
18.63 
14.06 
11.74 
10.28 
9.262 
8.495 
7.892 
7.402 
6.993 
6.645 
6.344 
6.080 
5.846 
5.636 

SATURN 
(Newton-Raphson) 

38.41 
18.93 
14.14 
11.78 
10.JI 
9.282 
8.511 
7.905 
7.412 
7.002 
6.652 
6.351 
6.086 
5.852 
5.642 

UNSAT2 
(Picard) 

21.79 
16.65 
13.39 
11.44 
10.13 
9.177 
8.446 
7,864 
7.386 
6.983 
6.637 
6.335 
6.068 
5.827 
5.610 

by the U SAT2 code correspond to the values at the nodes. 
As can be seen at time values of 0.06 an<l 0.11 <lays, both finite 
clement solutions agre..: quit..: well with the semianalytical 
solution. (The agrc..:mcnt between the finite ckment results 
an<l th..: scrnianalytical solution is not so good at the early 
tim..: va lue. I = 0.0 I ii . This is to be expected because the 
scb:te<l time step value. I = 0.0 I. is too large to provide 
accurate appr1nimation of sud, an early moistun: <listri
buti,rn .) It is also evident that at later times the saturation 
profiles obtained from the SATURN code arc slightly more 
accurate than those obtained from the U SAT:! code. Possi
ble explanation for this is the fac t that the UNSAT2 code is 
bas..:d on a finite element formulation in which triangular cl..:
m..:nts were used to make up r..:ctangular cl..:m..:nts, an<l a <liag
onali1.ation procc<lur..: was us..:<l to compute th..: mass storage 
matri .'< (sec Nr11111w1. 1973 ; New11,111 et al., 197-ll In contrast, 
th..: SATURN code is bas..:d on th..: pr..:s..:nt formulation in 
which noncompu~it..: r..:ctangular cl..:mcnts with bilin..:ar basis 
fum;tion~ and a con~istcnt nondiagonali1ed mass storage 
matri '< arc used . The noncomp<>sitc rectangular c.:lcm..:nts arc 

C) 

100 m 
I 

40 "' 

T 
SAND 300 m 

t 
200 m 

1 
Fig. 8. Sd1c111a1ic dc,cription and data for the tc,t prohlcm in ex

ample 2. 

TABLE 2. Material Properties for the Test Probkm in Example 2 

Saturated 
Hydraulic Specific Residual 

Material Conductivity Thickncss Porosity Storage Saturation 
Type K, m/yr b, m <P S,, m - 1 S.,, 

Sand 1.06 X (0 - Z 100 0.36 0 0.03 
Silt 4.02 X 10 - J 40 0.62 0 0.12 
Sand 1.06 X 1() - Z ' 300 0.36 0 0.03 
Clay 2.85 X !() · • 260 0.58 10 · • 0.26 

known to yidd a higher order approximation of the head 
gradient than the: linc:ar triangular elements. 

To provide further assessmcnt of the numerical results, a 
plot of pressure head profiles is presentt:<l in Figure 6. As 
expected, the results obtained from both codes are in reason
ably good agreement. It should be noted, however, that at 
later time values the pressure head profiles predicted by the 
UNSAT2 code tends to be sl ightly ahead of the profiles pre
dicted by the SATURN code. This behavior or the computed 
head profiles is indeed consistent with the behavior of the 
co rresponding saturation profiks depicted in Figure 5. 

For completeness th..: computed relations of water influx 
vcr ·us time are also presented. The results obtained using the 
two codes an<l diffcr..:nt nonlinear solution algorithms arc 
compared in Figure 7 and Table I, respectively. In Figure 7, 
the values of water intlow rate obtained from thl! U NSAT2 
codl! arc compar..:d with those obtained from the SJ\ TU RN 
code using the Picard algorithm. It is evident that during the 
first few time steps there arc signiticant discrepancies between 
the two sets of results. These early time di screpancies may be 
<luc to the fact that the storage term of the governing equation 
is neglected in a certain su broutine of UNSAT2 that computes 
nodal tlu .'<I! . on ·cqucntly, thl! ;tlucs of the intlow rate pre
dicteu by the U NSAT2 co<ll! arl! substantially lower than the 
values predicted by the SATURN code. Thi! latter normally 
gives c.,trcmcly small mas · balance errors (of the order of 
10 10 to 10 x,1/. , of the total inflow rate) for this typl! of 
prohlem. 

For reference purposes we also compare the pcrformancl! of 
the Picard an<l thl! Ncwton-Raphson algorithms dcscrih..:d in 
the pre, l!nt work. It can be seen in Table I that the two 
algorithms produce solutions that arc in c:xcellent agrcl!ment 
with ..:ach other. In this simubtion example, which involves a 
transient ,olutilln of a mildly nonlinear problem, hoth algo 
rithms rl!quirc<l no mllrc than thrcl! or four iterations per time 
step to convcrgl! to the final solution within a head tolerance 
of O.<Xl I cm. hir the majority of the timc: steps taken th..: 
Ncwton-Raphson algorithm took approximately one iteration 
less per time step than the Picard algorithm. 

Tt\llLE .l. '011 , tit111ivc Rdal i,,n~ and Paramcler Values for Jhc 
Te,1 l'rnhlcrn in E \:IIHplc 2 

Material 'l, 

Type 111 
I ,, 

" I, S w, 

S.111d 1.42 2.<,2 U. l<J7 - 5. I. 0.0.I 
Sill K.17 ,< 10 l tl .')0.1 uo tl. 5.566 tl.12 
('l,1y K.6 < 10 J 0.627 2.KJ 0. 9..10 tUt\ 

C.\in, 1i1u1i vc rdalion~ : l011, 0 k,,. LaS, 1 ~ (h 2a).'i, +" h I: 
.'i, ., 1/l I ~ (-xl•/1 - •/1 .,1)~ j'. wheres. • (.'i,. - .'i,.,)/( I - s_). 
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Fig. 9. Relati ve p,:rmcabilit y ver~us water sa turation c:urvcs for 1hc 
test problem in exam ple 2. 

1-::wmple 1 : Vertical Flow ill II Aflllti/11yered 
Soil Systcm 

Thc purrosc or this cxamph.: is to tcst tht: capability or tht: 
prop~sc<l n~nhncar solution algorit hms to handlc a lid<l prob
lem 1nvolv111g mvisturc movement in dess icated so ils with 
hi gh ly nonlinea r constitutive relations. Th is type or problem is 
difficult to so lve numerically because, under the statc<l con
<lit ions, the eigenvalues o~ the coefficient matrix or thc physica l 
system arc w1<kly spread m magnitude. (Fur rurlher discuss ion 
on the behavior or the mat rix equation. sec Fi11/u yso11 (19771). 
In general , the seve rity or the numerica l problem depends on 
the degr_cc or variation in the va lues or the effect ive hydra ulic 
con<luct1v1ty and the moisture capacity over the ll ow region. 
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Fig. 10. Water ~a turat ion ve rsus pre~sure head curve~ fur the test 
problem in example 2. 
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Fig. 11. Water saturation prolilcs at typical time values. 

We focused on a situation concerning infiltration in a multi
layered soi l sys tem at a site in a semiarid environment. The 
conceptual !low model is illustrated in Figure 8. To study the 
transient response of the llow system, a scenario involving a 

drastic change in recharge rate was used. In this scenario it 
was assumed that initially the fl ow sys tem was in a steady 
state while receiving plu vial recharge at the rate or 0. 16 m/ yr. 
Subsequently, the recharge rate was reduced to 0.006 m/yr, 
and this value was maintained over a long period or time until 
another steady state condition was established. 

A one-dimensional flow simulation was performed using tht: 
values of material properties presented in Tables 2 and 3. Soi l 
mois ture charactt:ristics used were based on experimenta l data 
taken from £1:eftaw y und C11rtwriylir [ 19831- These data arc 
plotted in Figures 9 and 10. Also included in the figures arc 
tht: curves obtained by using simple analytical runctions to lit 
the experimental data. These runctions and their best-tit pa
rameter values arc listed in Table 3. It is apparent from exam
ining Figu n:s 9 and 10 that for the expected range or pressu re 
head values, - 1000 :5 1/1 :5 0 m. the change in the values or 
relati ve permeability is up to six orders or magnitude. This is 
indicati ve or a scvaely nonlinear ll ow condition from the nu 
merical solut io n standpoint. 

To obtain the numerica l result, the llow region was repre
sented by a uniform grid consisting or 70 rectangular clements, 
each having nodal spacings of I m and 10 111 in the x and y 
directions, respectively. The initia l condit io n or the transient 
llow case was derived by pt:rforming a steady slate analysis 
usi ng the recharge rate or 0.16 m/ yr. The steady state !low 
com putation was perfo rmed in one stage using the Ncwton
Raphson algorithm, which took t O iterations to convagc to a 
head tolerance or 0.000 1 m. (The one-stage steady state analy
sis was achieved by setting the storage term or (2) to Lero, 
thi:reby reduci ng the governing equa ti on to an elliptic equa
tion. Unfortunatcly, the Picard algorithm did not converge for 
this steady case.) Following the steady state analy~is, a tra n
sient flow computation was performed using the derived initial 
condition and the reduced recharge rate or 0.006 m/yr. Thirty 
time steps were taken, and the time step values were gcncratccl 
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Fig. 12. Pressure head protilcs at typical time values. 

u ing the following algorithm : 61 1 = 1.141 yr, 1. = 
1.4£\t• - 1 $ 500 yr, for k = 2, · · ·, 30. Once again, the Nt:wton
Raphson algorithm gave fast con vergt:m:e for a ll timt: steps. 
On the ave rage. it took t:ight it.:rations pt:r time step to reach 
tht: head tolt:ranct: of 0.000 1 m. The Picard algorithm did not 
pt:rform as wt:11. At st: veral stages in tht: solution proct:ss it 
was necessary to reduce the value of the time ·tep by half to 
obtain convergence within 20 iterations. 

The result of the transient !low analysis is presented in Fig
ures 11 and 12, which illustrate the ·equcnccs of wate r satu-
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Fig. l J. Sdtc:matic dcs..:rip ti un and data fur the test problem in c~
amplc 3. 

ration and press ure head profiles. It should be nott:d that the 
buildup of water saturation and abrupt changes in the prc::s
sure head gradients were caused by the presence of the layers 
of fine silt and clay materials. 
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Fig. 1-1. Relat ive permeabil ity versus water sa turat ion ..: urvcs fur the 
te~ t problem in c~amplc 3. 
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Example J: Two-Di111e11sio11al Steady Flow i11 a For111atio11 
With Lentiwlar Deposits 

In this cxamph: we deal with a two-dimensional simulation 
of steady sta te flow in an unsaturated Lone abovc thc wat<:r 
table. The problem considered is shown in Figurc 13. It is 
assumed that tht: alluvial sand formation contains lcnst:s of 
low-pt:rmcability clay and loam. Tht: soil propcrtit:s uscd in 
tht: simulation arc rcprcscntati vt: of typical unconsolidated 
materials. Nott: that the saturated hydraulic condut:ti vity con
trast between the fine and 1:oarsc materials is up to tivi: orders 
of magnitude. In addition, cach soil material has very highly 
non lim:a r n:lativc permeability and water saturatio n curves as 
1:an be seen in Figures 14 and 15, rcspc<:tivcly. Once again. 
su<:h features of the problem will lead to comcrgcn1:e dillicul
tics unless l>nc uses a numerical solution scheme dcsigned lo 
accomodate not only abrupt t:hangcs in the gradients of the 
constitutive relations hut also a wide range of values of cf. 
fcctivc condu1:tivity. 
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Fig. 16. S1cady -1t.1lc waler -1a t11ra1 ion and prc,rn rc head prnlilc,. 

In order to subject the proposed Picard and Ncwton
Raphson a lgo rithms to another severe test, the SATU R code 
was used to pcrform a onc-stagc steady ·talc solution using a 
rectangular grid consisting of I 35 dcmcnls. Thc nodal spac
ings in the x and r dirct:lions arc givcn in Figure.: 13. In this 
computer run tht: constitutive relations of k versus S and 
S •. vcrsus t/1 were supplicd to the code in a tab:lated f~r;. The 
ilcrali~c so lution was initiated by setting the starling value of 
the pn.:,surc head equal to Lero and using this in conjunction 
with linear interpolation of k,,., and S., values to compuh: thc 
clcmcnt malri,es. Despite this rather poor estimate of,{!, f..Jst 
<:onvc.:rgen<:c lo the linal answc r was llhtaini.:d wit h hoth thc 
Pi,ard and th..: Ncwton-Raphson algorithms. The Pica rd algo
rithm look 12 itcrations and the cwton-Raphson look only 
i.:i gh l itcrations lo ad1icve ninvergen<:i.: within a head tole r
ance of IO 4 m. The linal pres~urc head so luti ns from both 
algorithms wen: found lo he in cxt.:ellcnt agrccment wi1h cach 
othcr. thcir maximum difference bcing lc.:ss than 0.005 m. To 
illuslratc the elk<:t of lhc low-p..:rmcahil ity lcnses on moi~lll rc 
and hcad distributions. computed values of wal..:r satura1ion 
and rre~surc hcad arc plotted in Figure 16. As ,an be e,
rectcd. 1hc prc~encc of lenses of line ni.tkrials causes a . uh
stanlial buildup nf water saturalillll and abrupt changes in the 
prc~,; urc gradicnt at the intcrfat:cs of thc diffc.:renl materials. 
Thc.:se cffects an: known as capillary pcrt:hing, whit:h is often 
cncountcred when a finc -graincd l~1yer o~e rlics a <:oarscr layer. 

l:·«11111,lc· .J : Two-Oi111rnsi,11111/ /'r,111 ~it·11 r Flow 
i11 ,111 U 11c1111/i11cd < im1111d11'<1tcr S ystc111 
,li/j<1cc111 to a l.1111<//ill 

As a linal e,amplc. a lran~icn t ~imulation of saturated
un~alurated llow in a <:omplc., groundwa ter system adja1:ent 
lo a landlill ~i lc i~ pre~en tcd . Data u~ed in this ~i mulation was 
fahrkatcd usi ng some general i11fnrm:11ion cxlractcd from 
Sill-11 1/111/ ,\f an·r r I ')X21- The.: ,ro~~ ~ct: tinn analy,ed is dcpi1:1-
cd in Figure 17. Thrce di~lincl laycr~ arc considered. The tup 
la yer i~ made.: of a loam mat..:ria l. wherca~ the middle.: and the 
lllwer la yer~ arc made tip nf dc,~i1:aled clay and a mixlurc nf 
clay and till. re,pectivcly . The landlill site <:orrcspond~ to a 
ca nal which i~ prc~c ntly hacklillcd with the loam and da y 
malcriak There cxi~l~ a ~cmipermeahlc clay <:ap, c,1c11di11g 
ovcr 125 m length from the cenler of the landlill, which co rre
sponds l<> the right verti1:a l boundary uf the lluw rcgion . "fl, 
con lrol the watcr table posi tion, a tile drain was placed at 100 
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TABLE 4. Material Properties for the Test Problem in Example 4 

Malcrial Type K , m/d <P S,, m- 1 

Loam 5 X 10 - i 0.45 10 - J 
Dessicated clay 5 X 10-J 0.60 2 X 10 - J 
Clay and till 5 X 10 - .. 0.60 2 X 10 - J 

m from the right vertical boundary. In additio n, a pump was 
also placed in the basement of a building located at a distance 
of 207.5 m from the right vertical boundary of the landfil l. 
This pump is normally put into operation whenever the water 
level in the basement lies above the bottom of the basement. 

The initial condition for this problem corresponds to a 
static water level 32 m above the base of the clay and till layer. 
The boundary conditions are as shown in Figure 17. Note that 
the wa-.er level in the drain is fixed at 4 m below the base of 
the dessicated clay layer, and when the pump is in operation, 
the wa ter levcl in the basement is fixed at 6 m from the top. 
Vertical recharge is applied to the top boundary at two differ
ent rates, as depicted in Figure 17. 

The soil materi al properties used in the simulation are given 
in Table 4. Functiona l constitutive relations were sdected, and 
these arc listed in Table 5. The fun ction of water . aturation 
versus pressure head was taken from L'UII Ge1111chte11 et ul. 
[1977]. whereas the function of relati ve permeability versus 
water saturation was taken from Brooks and Corey [1 964] and 
M1wlc111 [1976l Although the constitutive relations used in 
th is example are not as hi gh ly nonlincar as those used in the 
two previous examples, the rrescnt simulation is probably as 
difficult as the rrcvious simulations. This is because in the 
presen t case it is necessary to a<.:rnmod.itc sudden and large 
changes of head va lues at the drain and the basement bound
aries, as well as drastic changes of gradients of the nonlinear 
functi ons at ccr ta f n saturatcd nodes which become unsatu
rated. 

Using the givi:n physical rararneter valui:s and a mmkratcly 
fine mesh consisting of :?52 noth:s and 225 ekments (216 rec
tanglcs and nine triangles). the problem was so lved for 40 time 
steps. The time \tep va lues were computed using the following 
algorithm : 1\1 1 .: I d. l\rk = l.41 •• t-.rk _1 ;S 600 d, 
k = 2, · · ·, • O. The seeragc face houndary <.:o ndit illn at the 
drain was trea ted in a simple manner using a trial -and -errnr 

TABLE 5. Constitutive Relations and Parameter Values for the 
Test Problem in Example 4 

Material s"'' II ,:r, m - 1 p y 

Loam 0.05 2 0.5 2 I. 
De ·sicated clay 0.20 2 0.282 1.5 I. 
Clay and till 0.20 2 0.282 1.5 I. 

Constituti ve relations : (Sw - Sw,l = (I - Sw,lt(l + (<1 l1/1 -1/,.1)1] ' : 

k,w = (SW - s •• )"/( I - sw,) . 

procedure similar to that given by Neuman et al. [1974]. For 
most of the time the Picard algorithm took four or five iter
ations per time step. whereas the Newton-Raphson algorithm 
took three iterations to converge within a head tolerance of 
10 - 4 m. Both nonlinear algorithms produced pressure head 
solutions which w.:re very close to each other. To show the 
effects of drainage and pumping on the flow system, the hy
draulic head profiles along y = 18.5 m and y = 29 m are plot
ted in Figures 18 and 19, respectively. Note that there is quite 
a signitican t dilferc:nce between head values at the two eleva
tions. This indicates significant vertical flow , particularly in 
the vicinity of the tile drain. Also evident is the influence of 
pumping at the basement. This causes the reversal of the hy
draul ic gradient in the horizontal plane, y = 18.5 m, and from 
tht: tile dra in towa rd the basement. 

Finally, a plot showing temporal variation of the drain flu ,, 
is presented in Figure 20. Once again. it is apprarent that the 
Picard and the Newton-Raphson algorithms produced vir
tually identical result s. The drain llux curve approaches the 
steady stat e value asympototically, which implies a long-time 
attainment of e4uilibrium between the withdrawal and the 
replenishment 0f water in the fl ow sy~ tem. 

CoNCLUStOSS 

The e.,amplcs anJ num.:rical results prescnt<.:d demonstrate 
clearly that the Galcrkin linite t:lcrm:nt formulation developed 
in this w rk is elfoctive in hancding severely nonlinear <.:ascs of 
variably-sa turat.:d flow. The most signilicant features of the 
present formulati n arc the Pi<.:ard and the ewton-Raphson 
algorithms. as well as the inllucn<.:e cocllit:icnt technique for 
clement matri:t <.:umpu lat ion. 
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Fig. 18. Hydraul ic head di,trihutionJ along y ~ I X.5 m. 
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Fig. 19. Hydraulic head distributio ns along y - 29 m. 

It has been shown that thc influencc coefficient matrix gen
eration scheme is cxtn:mdy simple to implement an<l re4uires 
vcry little computational effort in thc clcmrn t matri ,, cvalu
ati on. Typica ll y. for rcc tangu lar clements, we estimate via 
arithmetic opera tio n counts that the influenc,: coefficien t 
scheme rcquin:s no more than 5% of the P time re4 uire<l 
by the Gauss 4uadrature numerical integration scheme, using 
2 x 2 Gauss poi nt s. 

One impo rtan t fcaturc of the two solut ion algo rithms cm
ploycd is the use of a chord slope formula fo r the evaluation 
of the grad ien t of thc soi l mois ture cha racteristic curves. It has 
been shown that such a procedure ca n gn:atly enhance the 
con verge nce propert ies of the iterativc so lution process as wdl 
as the stability of the nume rica l solution. Good resu lts were 
ohtain<.:d even in cases for whil:h the clements of the glohal 
coclfo;ient ma trix differ by more th an five orders of magnitude. 
(Such behavior of the codfa:ie nt matri .~ is usually caused by 
large va ri ations in the effective hydraulic conductivi ty and 
specific moistun: capacity). 
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A comparative study of thc Pica rd and Newton-Raphso n 
algorithms led to the following conclusions : 

l . Thc Picard scheme re4uin:s less PU time:: per it..:ration 
than th i: Newto n-Raphson scht!me. T his is becausc the la tter 
schem,: produces an asymmdric coefficit!nt matrix wh ich rc
quin:s morc com putational dfort to reduce. 

2. Dcspitt! its greater cost pcr itt!ration, tht! Newton
Raphson al go rit hm can bt! comparable in ovcra ll cost bt!causc 
it is more stron gly converge nt and normally re4ui res a smaller 
number of iterations than its coun terpart. This is part icu larly 
true in ~teady state ~i mula tions. 

J. In ce rta in cases it becomes difficu lt to obta in co nver
ge nce usin • the Picard schemc. as was illustratt!d in example 2. 
For ~uch cases it is necessary to employ the Newton -Raphso n 
schemt! to 1>h ta i11 a so lution in a co~ t-elli:c ti ve man ner. 

4. Fnr each of th e pro blems con~idered, the numerica l re
sults obtained frnm thc two so lut ion algori thms were almos t 
identical. provided th ;1t the same spatial and tempora l dis
cre ti1.atio n werc employed. 

Picard 

Newton -- R11ph1on 

1000 10 ,00 0 

l!LAP!ll!0 TIM I!, DAYS 

F ig. 20. Drai n llux vcr~u~ time. 
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APPEND IX A: [ NFLUENCE COEFFICIENT MATRICES 
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where 

a••= 6 ( k,..,')(Ku(/J1/J1t/11 + /J1/J2t/12 + /J1/JJtµ3 ) 

+ K,,(Y 1Y1t/11 + Y1Y2t/12 + Y1YJt/lJ)] 

a 3• = 6 ( k,..,' ) [Ku(b3b 1t/1 1 + b3b2 t/1 2 + b3h3t/1 3) 

+ K,,(c3c 1t/11 + C3C2t/12 + C3C3tµ3}] 

"i• = 6 ( k,..,') [Kxib2b1t/11 + b2b2t/12 + b2b3tµ3) 

+ K,,(c2C1l/11 + C2C2t/12 + CzC3tµ3}] 

FI. = 6(k,.., ') K,,Y1 F 2. = 6 ( k, .., ' )K,,Y2 

F3• = 6(k,..,')K,,y3 ( k,..,' ) = ~ Ci~:)C1~"') 
APPENDIX E : CONSTITUTIVE R ELATIONS ANO 

DISCRETIZATION P ARAM ETE RS FOR TIIE TEST 

PROBLEM IN EXAMPLE I 

Co1Wit11tive Relacio11s 

k,.., = (S.., - S..,,)/(1 - S..,,) 

(t/1 - t/1.)/(t/l, - t/1.) = ( I - S..,)/ (1 - S..,,) 

where 

S..,, = 0.333 t/1, = - 100 cm ,{I.= 0 cm 

Discreti:atiu11 Parameters 

Uniform nodal spacing and time sh:p, 
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6:c = I cm 6. t = 0.01 d 

NorATION 

clement matrix for the Picard iterative method. 
solution houndary. 
prescribed head houndary. 
prcscrihcd llux boundary. 
clement boundary. 
clement matrix for the Picard iterati ve method. 
unit vector in the x 2 direction . 
clement right-hand-side vcctor. 
hydraulic hcad at node /, I.. 
c,iordinatc subscripts. 
nodal subscripts. 
relative permeability with respect to the wata phase. 
relative permeability at centroid of clemcnt. 
time level index. 
saturatcd hydraul ic conductivity tcnso r. LT-

1
• 

dimensions of rcctangular clement. I,. 

length of boundary scgmcnt. L 
intlucncc coefficient matrix . 
nurnbcr of nodcs in thc linitc clement nctwork. 
out wa rd unit normal vector. 
number of wells. 
basis functilln s. 
volumctric fl ow rate pcr unit volun1c of the medium. 
T i . 

voluml!tric rate of well injection at nodc f . L
1
T 

1 

soluti nn domain . 
clcmcnt subdomain . 
specific storage. f. 

1
• 

watcr saturation. 
ccntroidal value of water saturation. 
elapsed time, T . 

b 
6 ,, 
Y, 

w 

mat rix elements equal to I fo r / = I thro ugh 4. 
mat rix elements equal to I fo r all / and J. 
flow veloci ty in the -"; direction, L y - 1

• 

Darcy tlux at the boundary, Ly- 1
• 

componen t of the Cartesian coordinate system, L. 
geomt:tric property of a triangular element in the 
x direction, L- 1

• 

Dirac delta function. 
area of a triangular element. L2

• 

overall storage coefficient, C 1
• 

geometric property of a triangular element in the 
y direction, L- 1

• • 

time weighting fac{or. 
porosity. 
pressure head, L. 
prescribed boundary pressure head, L. 
ini tial pressure head, L. 
pressure head at cen troid of clement, L. 
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